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1 AN OVERVIEW 1

1 An overview

A function holomorphic in the complex plane C is called entire. Such a function f
has a power series expansion
f(z)= Z Cp2"
n=0

which converges for all z € C.
Examples are

fe)=e =3

n=0

f(z) =sinz = — (e —e %),

1
21
or )

f(z):cosz:§(e +e ).

A function which is holomorphic in a domain D except for poles is called mero-
morphic in D. (The precise definition and more details will be given later.) In
particular if D = C we just say the function is meromorphic. Functions mero-
morphic in C are precisely those which can be written as a quotient of two entire
functions. (A proof of this will be given later.)

An example is

sin 2
tanz =

cosz
The following result can be seen as the starting point of the mathematical area
we will discuss in this lecture.

Picard’s theorem (1879). Let f be an entire function and let ay,aa € C be
distinct.  Suppose that f(z) # a; for all z € C and all j € {1,2}. Then f is
constant.

Ezample. Let f(z) = e®. Then f(z) # 0 for all z € C.
The example shows that we need two values a; and a, in Picard’s theorem.

Let C=C U{oo} be the Riemann sphere. A meromorphic function f is thus a
function f: C — C, with f (z0) = oo meaning that 2y is a pole. An entire function
f can also be considered as a meromorphic function f: C — C with f(z) # oo for
all z € C. This leads to the following result.

Picard’s theorem for meromorphic functions. Let f: C — C be meromorphic
and ay,az,a3 € C distinct. Suppose that f(z) # a; for all z € C and all j €
{1,2,3}. Then f is constant.
The proof is by reduction to the case of entire functions; that is, the case
az = 0o. In fact if a; # oo for all j, then g = 1/(f — a3) is entire and
1 1
9(2) = ——#b; = ——
(2) f(z)—as " 77 aj—ay

for j € {1,2}, so that g and hence f is constant.
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FExample. The tangent function satisfies tan z # 4 for all z € C.

Around 1900, Borel and others found quantitative versions of Picard’s theorem
for entire functions. Let n(r,a) be the number of solutions of f(z) = a in the disk
{z € C: |z] <r} and let

M, ) i= max |f(2)
be the mazimum modulus of f. By Liouville’s theorem, M (r, f) — oo as r — oo if
f is non-constant.

Borel showed that n(r,a) and log M (r, f) are of the same order of magnitude
for all a € C, with at most one exception.

Borel’s theorem.

I 1
lim sup oemna) n(r,a) = lim sup oglog M(r, f)

r—00 lOg r r—00 lOg r

for all a € C, with at most one exception.

Ezample. Consider f(z) = e*. Then M(r, f) = €" so that log M(r, f) = r. Let
a € C\{0}. Writing a = |a|e™ we see that the solutions of €* = a are given by
z =z, = log|a| + i(p + 27k), where k € Z. It follows that

2_ (] 2
n(r,a) = r? — (loga]) +O(1)
T
and hence
n(r,a) ~ T
' T
as r — 0o. In particular,
1 log log M
lim sup —ogn(r, a) = lim sup og log M(r, f) =1
r—$00 1Og7” r—00 IOgT

for all a € C\{0}.

In 1924, Nevanlinna developed a theory giving quantitative estimates also for
meromorphic functions, replacing log M (r, f) by a “characteristic function” T'(r, f).
This gives stronger results also for entire functions. The theory yields far-reaching
generalizations of the theorems of Picard and Borel.

The lecture will give an introduction to Nevanlinna theory, together with some
further results about entire and meromorphic functions (e.g. the Weierstrafi and
Hadamard factorization theorems).

We will also give some applications of the theory, e.g. to differential equations
or iteration. (No knowledge of these subjects is required.)

The lecture will assume familiarity with the basic results of complex function
theory (as given in the course “Analysis IV”). Some results of complex function
theory will be recalled.
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2 Review of complex function theory

Let D C C be a domain (i.e. open and connected) and let f: D — C be a function.
A substantial part of a basic complex function course consists of showing that the
following four properties are equivalent:

(i) f is complex differentiable at every point of D; that is, for all zp € D the

limit
o) o tim TE) =10
2—20 zZ— 2y

exists;
(ii) with u = Re f and v = Im f the function given by
(@,y) = (u(z +iy), v(z +iy))

is differentiable in the real sense and satisfies the Cauchy-Riemann differential
equations
Uy = Vy, Uy = —Uy;

(iii) f is continuous and for every null-homologous, closed, piecewise smooth curve

v in D we have
JECS
-

here ~ is called null-homologous if the winding number

1A on C
satisfies n(v, z) = 0 for all z € C\D;

(iv) f can be developed into a power series around any point in D; that is, for all
zp € D there exists r > 0 and a sequence (¢,,),>0 in C such that

o
ch z— z)"
n=0

for |z — zo| < 7.

A function having one (and hence all) of these properties is called holomorphic.
In (iv) we can take any r > 0 such that

D(zp,r) :={2€C: |z— 2| <r} CD.

The radius of convergence of the power series may be greater than r. The coeffi-
cients have the representations

I YR L f(¢)
o n'f (ZO) /|C 20|=p (C - ZO)n—HdC



4 2 REVIEW OF COMPLEX FUNCTION THEORY

ito<p<r.

In (iii), instead of considering all integrals over arbitrary nullhomologous curves,
it suffices to consider integrals over the boundaries of triangles in D; that is, if
/. on f(2)dz = 0 for every closed triangle A contained in D, then f is holomorphic.
This result is known as Morera’s Theorem.

If K c C, not necessarily open, and if f: K — C, then we say that f is
meromorphic (or holomorphic) in K if there exists a domain D D K such that f
extends to a meromorphic (or holomorphic) function f: D — K.

For K C C we denote by K the closure of K. For a € C and r > 0 we put

D(a,r) = D(a,r) ={2€C: |z —a| <7}

Cauchy’s integral formula says that if f: D — C is holomorphic and v a null-
homologous, closed, piecewise smooth curve in D, then

) f) = 5 [ L

In particular, if f is holomorphic in D(z,r), then

=5 [ M

2m |z—z0|=r C -z

for z € D(zp, 7). Differentiating this we obtain

k! f(¢
f(k)(z) = % /Zzo:r #dc

If D is a domain, zp € D and f: D\ {2} — C is holomorphic, then zj is called
an isolated singularity of f. It is called

— removable, if lim,_,,, f(z) € C. By putting f(20) = lim,,,, f(2) the function
f extends to a holomorphic function f: D — C;

— a pole, if lim, ., | f(20)| = o0;
— essential otherwise.

In the case of a pole we write f(zy) = oo and with C:=C U{oo} thus consider f
as a function f: D — C.

Given a function f, we usually assume that removable singularities have already
been “removed” and that at poles the value co has been assigned.

Example. Consider
~ sin(7mz)
:C—-C = —.
/ =G f(2) sin(72?)
The expression defining f has isolated singularities at the points +vk and +iv/k,
for all £ € Z. We have
7(V2) =,
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sin(rz) .. wcos(mz)

f(0) = lim

==z sin(mz?) 220 2wz cos(me?)
and
sin(rz) 1

f(1) = lim

=lsin(r2?) 2
Rational functions (i.e., quotients of polynomials) are meromorphic in C (even

in (@) Rational functions of degree 1 are called Médbius transformations (or frac-
tional linear transformations). They are bijective maps from C to C.

3 Jensen’s formula

Theorem 3.1. Let r > 0 and let f be holomorphic in D(0,r). Then

1 2

10)= 5 [ sy
1 2m ]
Re f(0) = Dy Re f(re)do
0
and o
Im f(0) = %/ Im f(re)dd.
0
Proof. Let

v:[0,27] = C, 7(0) = re®,

be the standard parametrization of 9D(0,r). Cauchy’s integral formula yields

/f
= ) Lo

f(re?)do

" 21

This is the first claim. The second and third claims follow by taking real and
imaginary parts. O

Remark. The result is also known as the mean value property.

Theorem 3.2 (Jensen’s formula). Let r > 0 and f meromorphic in D(0,7). Let
ai,...,a, be the zeros of f and by, ..., b, the poles of f in D(0,7)\{0}, counted

with multiplicity. Let
- o
k=t
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be the Laurent series expansion of f near 0, with ¢, # 0. Then
log s = — /%1 Fre®) 0~ log 4> log 1
og || = — 0 re — og — og — — Llogr.
g |Ce o o g — g |aj| £ g|bk| g

Remark. If f(0) # 0,00, then we have ¢ = 0 and ¢, = log|f(0)| in Theorem [3.2]

We first state the following lemma.
Lemma 3.1. Let r >0, a € D(0,r) and

¢: C—C, @(Z)ZT(Z—G)

r?—az’
Then ¢ is holomorphic in D(0,7) and |p(2)| = 1 for = € dD(0,7).
The proof is left as an exercise.

Proof of Theorem[3.4 We will start with a special case and then increase the gen-
erality step by step.

(1) Suppose first that f has neither zeros or poles in D(0,); that is, f is holo-
morphic in D(0,7) and f(z) # 0 for z € D(0,7). Then there exists a
function g holomorphic in D(0,7) such that f = expog. (The existence
of such a function g is standard, but we repeat the argument: First choose
R > r such that f: D(0,R) — C is holomorphic and without zeros. Then
there exists G: D(0,R) — C with G’ = f'/f. For example, one may put
G(z) = [, %d(. We then choose ¢ € C such that g(z) = G(z) + ¢ satisfies
e = £(0). The function h defined by h(z) = f(2)/e9®) = f(2)e 9 then
satisfies h(0) = 1 and b’ = f'e79 — fg'e™? = 0 and thus h(z) = 1 for all
z € D(0,R). Thus f = e9.)

It follows that | f| = e®°9 and thus log | f| = Re g. The conclusion now follows
from Theorem [3.11

(2) We allow zeros and poles in D(0,7)\{0}, but assume that f has no other zeros
and poles in D(0,r); that is, f(0) # 0,00 and f(z) # 0,00 for z € 9D(0,r).
Let ¢ = ¢, be as in Lemma that is,

r(z —a)

#alz) = r2 —az’

and consider the function h given by

HZ:l Py, (Z)

M =T Gy
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Then h is holomorphic in D(0,7) and has no zeros in D(0,r). Moreover, we
have |h(z)| = |f(z)| for z € dD(0,r) by Lemma 3.1} It follows, using the
result of part (1) of the proof, that

1 2w ] 1 2m )
L 1 i0 _ 1 6
27r/0 og |f(re™)|dod 277/0 og [h(re*)|dd
= log |h(0)]
— log | £(0)] + Zlog [0, (0)] - Zlog 4, (0)

=log | f(0 |+Zl —Z ’aj|

from which the conclusion follows.

(3) Now we allow that f(0) =0 or f(z) = oo, but still assume that f(z) # 0,00
for z € 9D(0, 7). With £ and ¢, as in the statement of the theorem we consider

Thus h(0) = ¢, # 0, 00. Since f(z) = h(z)z, part (2) of the proof yields that
1 27 0 1 27 0
Py log |f(re™)|df = — log |h(re")|df + ¢log
T Jo

= log |h(0 \—Zlogb—+210g—+ﬁlogr

‘k‘ a;

= log |co| — Zlogm —l—Zlog— + llogr

]
as claimed.

(4) We finally consider the general case, i.e., zeros and poles are also allowed on
0D(0,7). Then

1 2 )
— [ o )|do
5 [ Toslrre)
is an improper integral. The existence of this integral is easy to show.

To prove the formula claimed, there are two possibilities:

— reduce to part (3) by multiplying f with factors z — by or dividing by
z — a;, similarly as in part (2);

— replace r by r — ¢ and take the limit as ¢ — 0.

We omit the details. O
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We want to rewrite the sums occurring in Jensen’s formula.

Lemma 3.2. Let 7 > 0 and ci,...,cn € D(0,7)\ {0}. For 0 <t < r let n(t)
denote the number of ¢; in D(0,t). Then

Proof. Without loss of generality we may assume that 0 < |c;| < |eo| <
|em| < r. Using

IN

Todt
log — = logr — log |c;]| :/ —
| J| lej ] t
we find that
“ r A L Ay s L Todt
log — = — = — + —
Zg|c-| Z/t Z/ g t
j=1 J j=1 le;] j=1 le;] lem|
SN[ [
j=1 k=j |Ck| t ‘Cm| t
mli lensal g "dt
g J— + m -
k=1 j=1 |c | t lem| t

leks1l dt T dt
= k:/ —+m —
[cx] t lem| t

el (¢ Todt
e t lem| b
_ / ) gy — / ) g 0
o) ¢ ot

Remark. The above considerations may be elegantly described using the Riemann-
Stieltjes integral. We discuss these integrals in a short excursion:

For a function f: [a,b] — C, a partition of the interval [a,b] given by a = zy <
1 < --- < x, = b and points §; € [x;_1,z,], the corresponding Riemann sum is
given by

S(f, Zf (&) — w51),
The Riemann integral is obtained by a hmlt process:
b
S(f, (x), (&) — / f(z)dz as mjax]xj —xj1] = 0.

Let, in addition, a function g: [a,b] — C be given. The Riemann-Stieltjes sum is
defined by

(f7g7 27] ngj _g(l'J 1))
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If these sums tend to a limit as max; [x; — z;_1| — 0, the limit is called Riemann-
Stieltjes integral and denoted by
b
| radgto)

It exists for example if f is continuous and g is of bounded variation, i.e.,

L(g) == = sul up Y lg(x;) = gla;-)] < oo
J

This holds in particular if g is monotone.
If g € C'a,b] and f € Cla,b], then

[/ s [ s

But Riemann-Stieltjes integrals are of interest also if g is discontinuous. For exam-
ple, if f: [a,b] — C is continuous, =y € (a,b), g(z) = a for © < xy and g(z) = S
for x > x¢, then

b
| @dsta) = an)(6 - )
The rule of integration by parts takes the following form:

r=b b
- [ s o)

For ¢g(t) = n(t) and f(t) = log(r/t) = logr —logt this is precisely the formula from
Lemma

b
/fummmzf@mw>

Integrals of the form f t) dt will occur repeatedly. It may be helpful to write
them (or at least think of them) as integrals of the form fo t)dlogt.

Definition 3.1. Let 7 > 0 and f meromorphic in D(0,7). For 0 <t <rletn(t,f)
denote the number of poles of f in D(0,t), counted according to multiplicity. Then

N(r, f) = /0 n(t, /) ;n(O, D it 4 0, f)logr

is called the (Nevanlinna) counting function of the poles of f.

Remark. (1) The zeros of f are poles of 1/f. For a € C the zeros of f — a are
called a-points of f. They are the poles of 1/(f — a). Thus n(r,1/(f — a))
and N(r,1/(f — a)) count the a-points of f.

Sometimes, if the function f considered is clear from the context, we write
n(r,a) and N(r,a) instead of n(r,1/(f —a)) and N(r,1/(f — a)). Then we
also write n(r,00) and N(r, 00) instead of n(r, f) and N(r, f).
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(2) If f(0) # oo, then n(0, f) =0 and

N(r, f)= /OT n(tt’f)dt.

For 0 < rg < r we always have

:/ f>dt+/r n(t’f);n(o’f)dt—i-n(o,oo)logr
— N(ro. )+ / 0 g

Using Definition Jensen’s formula takes the following form.

T0

Theorem 3.3. Let r > 0 and f meromorphic in D(0,7). Let ¢, be the first non-
zero coefficient in the Laurent series of f as in Jensen’s formula (Theorem .
Then

1 [ , 1

—/ 10g|f(7"e’9)]d9:]\7(r, —) — N(r, f) + log|cel.

27T 0 f
Proof. If f(0) # 0,00 so that ¢, = f(0) (and ¢ = 0) this follows directly from
Theorem B.2] and Lemma 3.2,

Suppose that f(0) = oco. Then £ < 0 and 0 is a pole of f of order —¢. Thus
n(0, f) = —¢. Moreover, if by, ..., b, are the poles of f in D(0,r) \ {0}, then

(tmf)_n(()af)
Zlog|k:| / t at

by Lemma [3.2] Thus

N(r, f) =

= Z — llogr
- |bk|

and the conclusion follows with Theorem [3.2] The case that f(0) = 0 is analogous.
Here n(0,1/f) = ¢. O

/T n(t. f) - t (0, f)dt+n(0,f)logr

Definition 3.2. Let f be entire and r > 0. Then

M(r, f) := max [f(z)]

|z|=r
is called the maximum modulus of f.

Remark. The maximum principle yields that M(r, f) strictly increases with r if f
is non-constant.
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Theorem 3.4. Let f be entire, r > 0 and f(0) # 0. Then

N(r, %) < log M(r. f) — log | /(0)].

Proof. This follows directly from Theorem|[3.3] since N(r, f) =0and ¢, = f(0). O

Theorems like Theorem or Theorem are the reason that we passed from
the “natural” function n(r, f) counting the poles to the function N(r, f). It is,
however, also possible to obtain estimates for n(r, f) from this.

Lemma 3.3. Let 1 <7 < R and f meromorphic in D(0, R). Then
N(r, f) < n(r, f)logr + N(L, f)
and

V() (1o ) ntr ),

Proof. The first claim follows with
"n(t
N = [ v
1

f) [N
n(r, f)logr + N(1, f),

IN
S

~~

the second one with

S

" n(t, f)
t
(t
t
tf

N(R, [)

dt + N(1, f)

vV
S

—

)dt

o

~—

S

dt

t
zn(r,f)/R%

v

=n(r, f) logg. O

Theorem 3.5. Let [ be entire with f(0) #0. Letr >0 and K > 1. Then

n( %) < o (log M(Kr, f) ~log | f(0)]).

log

Proof. With R = Kr in Lemma [3.3] we deduce from Theorem [3.4] that

1 1 1
( ?) = logKN<K7"’ 7)

1
< fog 7 U0 MUK, 1) = log | £(0)). -
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Remark. Suppose that log M (r, f) = O(r?) as r — oo for some p > 0, say
log M(r, f) < 71r? for r >r.

Then

1 1 1 TK?
— | < N Kr, = 1) < p 1).
n<r’f)_logK ( r,f)+(9()_logKr +O(1)

First this follows only if f(0) # 0, but considering h(z) = f(z)/2? instead of f if
0 is a zero of f of multiplicity p and noting that n(r,1/f) = n(r, h) + p this also
holds if £(0) = 0.

It follows that

1
n(r, ?> =0O(r?) asr — oo.
With K = e'/? we actually have
1
n<r, ?) <eprr’ +O(1)

as r — 00.
More generally,

1
n(r,f ):(9(7“”) asr — oo forall a € C.
—a

So in some sense n(r,1/(f — a)) does not grow faster than log M (r, f). We will
see that for all a € C, with at most one exception, n(r,1/(f — a)) will grow of the
same order of magnitude as log M(r, f).

4 The Nevanlinna characteristic and the first fun-
damental theorem

We define log*: R — R by

1 >1

Definition 4.1. Let r > 0 and f meromorphic in D(0, 7). Then
1 2m ]
mirf) = 5= [ Tog Ifre s

is called the proximity function and

T(r, f) = N(r, f) +m(r, f)

is called the (Nevanlinna) characteristic of f.
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Distinguishing the cases > 1 and < 1 we see that

1
logz = log™ z — log™ —.
x

%/0 log | f(re™®)|df = m(r, f) — m<r, %) )

Inserting this into the formula of Theorem [3.3] yields

m(r, ) — m(r, %) - N(r, 1) ~ N, f) + log |

This yields that

and thus

T(r,f)= T(r, %) + log ¢yl

We will also consider T'(r,1/(f — a)) for a € C. Before doing so, we collect some
properties of the function log™.

Lemma 4.1. Let xq,...,x 0 and x > 0. Then

n 2

. 1
(i) Nlogz| =logt z + log" —
x’

) log™ (H:@) <Zlog Tj;
(4ii) log™* (Za@) <Zlog xj +logn;

(iv) ‘1og+ z1 — log* .732‘ <log™ |z — 2| + log 2.

Proof. Conclusion (i) follows by distinguishing the cases z > 1 and = < 1.
Conclusion (ii) is clear if []}_, #; < 1 and follows otherwise since then

log™ (ﬁ :cj> = log (ﬁ mj> = i logx; < i log™ z;.
j=1 j=1 j=1

j=1

Conclusion (iii) follows since

log™ (Zx ) <log*(n - max ;)
j

<log* n + log" (max ;)
J

<logn + log™ (Z mj> .
j=1
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To prove (iv), we assume without loss of generality that z; > x5. Then, by
(1),
llog" x1 — log* 5| = log* 1 — log™ x5
= logt(x; — 29 + 13) — log™ a9
<log*(x; — x3) +logt x5 + log2 — log™ w5
= log™ |o1 — 2| + log 2. O
Theorem 4.1 (First Fundamental Theorem). Letr > 0, f meromorphic in D(0,r)

and a € C. Let c(a) be the first non-zero coefficient in the Laurent series of f — a
around 0. Then

1
7(r 52 ) = 70~ logleta)] + (7.
where |¢(r,a)| <log™ |a| + log 2.

Proof. For a = 0 this is the formula stated before Lemma [4.1]
For a # 0 this formula yields that

T(r,f—a)= T<T, 7 i a) + log |c(a)].
Hence
1(r 52y ) = T = ) = log )
= N(r,f—a)+m(r, f —a) —log|c(a)|
= N(r, f) +m(r, f) + ¢(r,a) = log|c(a)]
=T(r, f) + ¢(r, a) — log|c(a)]
with

QO(T, a) = m(r, f - CL) - m(T7 f)
By Lemma [4.1] (iv), we have
log* | f(re”) — a| —log™ | f(re”)|| < log™ |a] +log2
and thus
o(r,a) <log™ |a| + log2. O

Remark. The main point is that the difference between T'(r, f) and T'(r,1/(f — a))
is bounded by a constant independent of r.

We will see soon that for f meromorphic in C and non-constant we have
T(r,f) — oo as r — oo. The first fundamental theorem says that

N(T, ﬁ) +m<r,fia> :T<r,fia) = T(r, f) + O(1)

as r — oo.
The interpretation is as follows:
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1
- N (7’, 7 ) is large if f has many a-points;
—a

1
- m(r, f—) is large if f is close to a on some part of 9D(0,r).
—a

If T'(r, f) is large we must have one of these two possibilities.

The second fundamental theorem will say that for “most” values of a the first
alternative holds; that is, the term m(r,1/(f —a)) is small and thus N(r,1/(f —a))
is large.

Ezample 4.1. Let f(z) = e®. Since f is entire, N(r, f) = 0. Moreover,

1 [ ;
m(r, f) / log™ || d6
0

" or

L[ - 0
— 1 reosty 70
e
1 2
= %/o max{0, 7 cos 0}d0
1 w/2
= — rcosf df
27 —7/2
T
o
Thus
r
T(r,f)=m(r, f) = —
Analogously,

1 1 T
N(r,;)zo and m(r,?>:;.

We saw in the introduction that if a € C\{0}, then

1 r2 —(1 2
O W i
f—a T
for some constant K if r > |log |al|.
Since
2 _ (2 _ 2 2 2
0<r— 7"2—02—r (=) - <t <c

TriVE_E riveE_eEo

for ¢ > 0 we have /r? — (log |a|)?/7m = r/m + O(1) and thus

n(r, fia> =2 +on).
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It follows that

1 1 " 1 dt
N(T’f—a) :N(l’f—a) v/ n<t’f—a) 0
= % + O(log )
=T(r, f)+ O(logr).

The first fundamental theorem implies that

m(r, ﬁ) — O(log 7).

One can show that in fact m(r,1/(f —a)) = O(1).
Ezample 4.2. Let f be a rational function, say f(z) = p(z)/q(z) with polynomials
p and ¢ without common zeros. Let

p(2) = a2’ + ... + ay,

q(z) = bpz™ + ... + by,

with ay # 0 and b,,, # 0. By the fundamental theorem of algebra, ¢ has m zeros.
Thus f has m poles, so there exists rq > 0 with n(r, f) = m for r > ro. Hence

N(r, f) :N(To,f)+/ m%:mlogquC’

with a constant C.
We also have

p(2)] ~ lagl - |21° and  [q(2)] ~ [bm] - [2]™

and hence

£(2)] ~ A2 e

||
as |z| — oo.
If ¢ <m, then |f(z)] = O(1) as |z| — oo and hence m(r, f) = O(1) as r — oo.
Hence T'(r, f) = N(r, f) + O(1) = mlogr + O(1).

If £ > m, then, since

a
log |£(2)] = (£ — m)log |2] +1og% o)

as |z| — oo, we have
m(r, f) = (£ —m)logr+ O(1)
as r — 0o. Hence
T(r,f) = N(r.f)+m(r, f)
=mlogr + ({ —m)logr+ O(1)
= (llogr+ O(1).
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In both cases we thus have
T(r, f) = max{{,m} -logr + O(1) = deg(f) - logr + O(1).

Had we only aimed at the last equation, we could have reduced the case ¢ > m to
the case ¢ < m by passing from f to 1/f and using the first fundamental theorem.

5 Properties of the Nevanlinna characteristic

Theorem 5.1. Let f1,..., f, be meromorphic and r > 1. Then

Q) T(r,Hfj) <> T 1),
(17) T(r, Zf]) < ZT(T, fj) +logn.

Proof. The corresponding results for m(r, -) follow directly from Lemma .
To prove the corresponding estimates for N(r, -), we note that H?:l f;j can have
a pole only where one of the function f; has a pole. One obtains

n (0, H fj> < Z n(0, f;)
and

n<t,n fj> _n<o,H f,-) <3 (it f;) = (0, £,)).

j=1

Integration yields

N(T,Hfj) S N(T,fj).

= 7=1

Analogously we obtain

N(T,ij) SZN(T,fJ)

Together with the results for m(r,-) this yields the conclusion. ]

Theorem 5.2. Let f be meromorphic and let M be a Mébius transformation (i.e.,
a rational function of degree 1). Then

T(r,Mo f)=T(r, f)+ O(1).

Proof. Every Mobius transformation can be written as a composition of Mobius
transformation of the following three types:
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(1) z+ 1/z (inversion)
(it) z+— z+c¢, c € C (translation)
(i7i) z > c-z, c€ C\{0} (dilation/rotation)

For example, if M(z) = azi? with v # 0 (and «d — By # 0 since M is non-
vz

constant), then

ad — By 1 n o
Y yz+o
so M is composition of z — vz, z +— 2+, z — —(ad — fv)/vz and z — z + a /7.
It then suffices to prove the conclusion for Mébius transformations of types (i),

(71) and (éi7). For type (i) this follows from the first fundamental theorem, and
cases (i1) and (iii) are easy. O

M(z) =

Theorem 5.3. Let f be meromorphic and P a polynomial of degree d > 1. Then
T(r,Pof)y=d-T(r,f)+ O().
Proof. We have n(r, Po f) =d-n(r, f) and thus
N(r,Po f)=d-N(rf).

Let P(z) = a4z + ...+ ag. Then there exists ry > 1 with
1 d 3 d
1< Hadl - |21 < 1P| < Sladl - 21 for |2 2 o

Thus
tog %40 14 log* |2] < log* |P(2)] < d-log” |2| + log*

for |z| > ry. This implies that there exists a constant C' such that

3logd

log* |P(2)] — d-log" |2]| <
for all z € C. Hence
|m(r,Pof)—d-m(r,f)| SC

and thus
| T(r,Pof)—d-T(r, f)| < C. 0

Theorem 5.4 (Cartan’s formula). Let f be meromorphic, f(0) # oo and r > 0.
Then

2
100) =5 [N (r 5z ) de gt 15O

For the proof we will use the following lemma.
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Lemma 5.1. Let a € C. Then

1 2 ;
log™ |a| = %/ log |a — e*?|de.
0

Proof. We apply Jensen’s formula for f(z) = a — z and r = 1. Distinguishing the
cases |a| > 1 and |a|] < 1 we obtain the conclusion. O

Proof of Theorem[5.4. Theorem [3.3| yields that if f(0) # €¢** and r > 0, then

%/0 lOg ‘f(T‘eig) - ew‘ df = N(T, ﬁ) — N(T, f) + 1Og ’f(o) _ 61'90’.

Integrating with respect to ¢ we obtain, using Lemma [5.1

1 2 1 27 ” )

2 %/0 log’f(re’)—e’ﬂd@d(p
TNl Y do - N f) 10t 1 £(0)
- 27T 0 ’f—eii’p 80 Y g .

The order of integration on the left hand side can be interchanged, by Fubini’s
theorem. Here the measurability of

(¢, 0) = log |f(re®) — e*]

is clear; one has to show the existence of

2 2
/ / ’log |f(rei0) — ei‘pH dfdp.
o Jo

We omit this here.
Interchanging the order of integration and using Lemma [5.1] again we obtain

1 2w ] 1 2w 1
o [ ot e o = o [N (v ) do - Nl ) + 1o 1101

and hence the conclusion. O

Remark. (1) If f(0) = oo, then the above proof gives

1 [ 1
T = — N . |
(T7 f) o /0 (Ta f — ew) ng + 0g |C€|

with the first non-zero Laurent coefficient ¢,.

(2) For ¢ € (0,27 with f(0) # €? we have

1 " 1 dt
(rpw) - [olrw) T




20 5 PROPERTIES OF THE CHARACTERISTIC

Interchanging the order of integration as before we obtain with
1 [ 1
t = — t — | d
8(7f) 271_/0' n(’f—QZSO) SO

T(r, f) = /Or @dt +log™ | £(0)].

that

We recall that for an interval I a function ®: I — R is called convex if for all
r,x1,xe € I with 1 < x < x5 we have

r — T To — T

P < d P .
(1) < T a(n) + 2 L)
Equivalently,
O(x) — D(xq) < O(x9) — D(x)
T — T - To—T

A differentiable function @ is convex if and only if @’ is non-decreasing. In fact,
if : I — R is non-decreasing and zo € I, then ®: [ — R,

is convex. (For continuous ¥ we of course have &' = U.)

For an interval I C (0,00) and ®: I — R we say that ®(r) is convez in logr
if the function ® o exp: log(l) — R is convex. This means that ® is convex on a
logarithmic scale.

Analogously to the above, if ¥: [ — R is non-decreasing, then ®: I — R,

O(r) = /7‘ wdt

t

is convex in logr, for any fixed ry € I. In fact, with xq = logry we have

T

@(ex):/r: @dt:/x:xy(e")du.

We conclude from the above:

Theorem 5.5. Let f be meromorphic. Then N(r,f) and T(r,f) are non-de-
creasing and convex in logr.

Remark. In general, m(r, f) is neither convex in logr nor increasing.
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6 Maximum modulus and characteristic of entire
functions

Our starting point for Jensen’s formula (Theorem [3.1]) was the mean value property

dg
- 1O

1
2T

10 = 5 [ stret)as

for a function f holomorphic in D(0,r), and the corresponding formula with f
replaced by Re f.
By Cauchy’s integral formula we have

1 f©)

:2_7TZ \z|:rC_z

f(2)

dg,

but taking real parts does not give a formula for Re f(2) in terms of Re f(re).
Instead we use the following formula.

Theorem 6.1. Let f be holomorphic in D(0,7) and z € D(0,r). Then

f(z) = %/0 7Tf(rew)K(z,r, 0)do

where 2|2
re—|z
K 9 — T &
Remark. The expression K(z,7,0) is called Poisson kernel, the formula is called
Poisson integral formula.

Usually the Poisson integral formula is stated for harmonic functions. We recall
the definition. For a domain D a function u: D — R ( or u: D — C) is called
harmonic if it is twice continuously differentiable and

o o
Au - 0“u au_

.Z@‘l—a—yQ—O.

If f is holomorphic, then Re f is harmonic. This is an immediate consequence of the
Cauchy-Riemann equations. In the opposite direction, if u: D — R is harmonic and
D is simply connected, then there exists a holomorphic function f with © = Re f.
This fails if the domain is not simply connected, an example being u: C\{0} — R,
u(z) = log |z|. But in any simply connected subdomain D of C\{0} we may define
a branch arg: D — R of the argument, and log z = log|z| + ¢ arg z defines a holo-
morphic function in D. Thus the theory of harmonic functions is closely connected
to that of holomorphic functions. We will not consider harmonic functions in detail
and thus have stated Theorem [6.1] for holomorphic functions. The above consider-
ations show, however, that it remains valid for harmonic functions, and in fact the
statement for harmonic functions is equivalent to that for holomorphic functions.
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Proof of Theorem[6.1. The function

h: D(0,7) — D(0,r), h(¢) =

is bijective, with inverse function

and we have h(0D(0,r)) = 0D(0,7); see Lemma where h(¢)/r is considered.
We apply the mean value property (Theorem to g = f o h and obtain

f(z) = f(n(0)) = g(0)

1
L[ ey,
20 Jip=p W

L[ fhw),

211 lw|=r w

_ 1 19,
270 i ko) ()%

1 1 z
" 2mi \C|:7’f<C) <C—Z N QC—T2> “

z 1 z

(—z Z-r (-2 (z-0)

Now, for |¢| =,

(C—=2)(z-0)¢
_ G-z
(¢ —2)(z—¢)X
ot —z]? 1
RS
and thus
1 r?—zPdC 1 =2
T =50 o "2 ¢ Tn fy I e g™

Corollary. Let f be holomorphic in D(0,7) and z € D(0,7). Then

1 2

Re f(z) = o . Re f(re®)K(z,r,0)do.

Jensen’s formula was obtained from the mean value property. Applying similar
arguments to the Poisson integral formula, we obtain the following result.
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Theorem 6.2 (Poisson-Jensen-Nevanlinna formula). Let f be meromorphic in
D(0,7), with zeros ay,...,a, and poles by,... b, in D(0,r). Let z € D(0,r)
with f(z) # 0,00. Then

log | f(2)] :i /027r log }f(rei9)| K(z,r0)d0

2T
+ Z log Z log

Remark. Jensen’s formula is the special case z = 0.

ka

z—aj)

Proof. We restrict, as in the proof of Jensen’s formula (Theorem to the case
that f has no zeros and poles on 9D(0, ), and we proceed as there.
With

pulz) = T2
we consider .
(z) = f(2) = Pl

H;n:1 Pa; ()

Then h is holomorphic in ﬁ(O,_r) and has no zeros there. Thus log |h| is the real part
of a function holomorphic in D(0,7) and we have |h(()| = |f(¢)| for ¢ € D(0,r).

Hence

1 2m )

%/0 log |f(7"e’9)‘ K(z,r 0)dd

1 2m ]

— log ‘h(rezg)‘ K(z,r,0)do

T or

= log \h( )l
= log|f(z |+Zlog|s0bk 2)] —Zlogmj@)
ka
=log|f(z \—Zlog Zlog —a)
j
as claimed. O

Theorem 6.3. Let f be entire and 0 <r < R. Then

R—+r

T(r,f) <log" M(r, f) < T(R, f).

Proof. The first inequality is obvious since

1 o + 0
T(r, ) = mlr, ) = 5 /0 log* | (re®)]| db.
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To prove the second one, let z € C with |z| = r. By the Poisson-Jensen-Nevanlinna

formula,

m

2
log|f(2)| = %/ﬁ log }f(RewH K(z,R,0)d0 — Zlog
j=1

R2 — @z

Using the functions ¢, from the previous proof, that is,

_ R(z—q)
- R2 —aj27

Pa; (2)

we have ¢, (D(0, R)) = D(0,1) and thus

R? —a;z
—log | ——= | =1 . <0.
Og R(z—aj) Og|90a](z)| — O

We also have

R% — |z|? - R*—|z> R+|2] R+r

<K = - B '
0 < K(z,R,0) |Re?® — 22 = (R—1z])2  R—|7] R—r

It follows that
1 [ 4
log |72 < - [ log|F(Re®) | K(z. R 0)as
™ Jo

27
< S / log® | f(Re")| K(z, R,0)d6
2 Jo

1 [* o B+
S%/o log+|f(Re‘9){R_rd9
R+r

R(z—a;)|

O

The following result is a generalization of Liouville’s theorem that a bounded

entire function is constant.

Theorem 6.4. Let f be an entire function and suppose that

L:= liminfw < 00
r—00 10g’r‘

Then f is a polynomial and deg(f) < L.
Proof. Let

f(z) = Z 2"

n=1

be the Taylor series expansion of f. Then

= L ﬁdz

n N
271 , 2"

|2|=
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and thus . u u
o2 Loy M) M)
s prtl rn

for all » > 0 and all n € N. (The last inequality is known as Cauchy’s inequality.)
Given ¢ > 0 there exist arbitrarily large r with

log M(r, f)

<L+¢
log r

and thus
M(r, ) < rtte.

It follows that

’Cn| S rL+z—:fn

for arbitrarily large r and thus that ¢,, = 0 for n > L+¢. The conclusion follows. []
The following result is an analogue of Theorem for meromorphic functions.

Theorem 6.5. Let f be meromorphic and suppose that

L= liminfM < 00
r—o00 ogr

Then f is a rational function (and deg(f) = L).

Proof. Let C' > 1. By Lemma , applied with R = ¢, we have

n(r, f) < ﬁ NG, f)
C N f)
C—1 logrC
C T, f)
C—1 logr®

< -
< C_l(L+5)

for arbitrarily large r, for any given ¢ > 0. Thus f has at most L poles. Hence
there exists a polynomial P (of degree at most L) such that g := Pf is entire.
Since T'(r, P) ~ deg(P)logr as r — oo (by Example 2 after Theorem we find,
using Theorem [5.1], that

T(r,g) <T(r,P)+T(r, f) < (2L +1)logr
for arbitrarily large r. Applying Theorem with R = 2r we thus find that
log M (r,g) < 3T (2r,g9) <3(2L+ 1)log(2r) < 3(2L +2)logr

for arbitrarily large r. Theorem yields that ¢ is a polynomial. Hence f is
rational. Using that T'(r, f) ~ deg(f)logr as r — oo we find that deg(f) = L. O
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A meromorphic function which is not rational is called transcendental. Theo-
rem [6.5] says that
o T
im ———

r—oo logr

for a transcendental meromorphic function f.
Applying Theorem [6.3] with R = Kr where K > 1 we obtain

log M{(r, ) < 12 TR f)

(For K = 2 we used this already in the above proof.) If
T(r, f) <Trf

for large r, with 7, p > 0, then

log M(r, f) < T

Choosing K =1+ 1/p we thus have

1 1\’ 1
log M(r, f) < (2 + —) p (1 + —) Trf < (2—1— —) petr?.
p p p

So up to the constant (2 4 1/p) pe the maximum modulus does not grow faster.

The constant (24 1/p) pe is not optimal. For p > £ the sharp constant is 7p.
Theorem [6.3| compares log M (r, f) with T'(R, f) for some R > r. The following

lemma will allow to compare log M (r, f) with T'(r, f), but not for all values of r.

Lemma 6.1 (Borel). Let xg,yo > 0, 6 > 0, u: [z, 00) — [yo,00) continuous and
non-decreasing and ¢: [yo,00) — (0,00) continuous and non-increasing. Suppose
that

/OO o(x)dr < co.

Yo
Put
E ={x € [xg,00): u(z + ¢(u(x))) > u(z) + 0} .
Then there ezist sequences (xy) and (x},) in [xg,00), with xp < ) < Xk for all
k € N, such that

E C U [k, 2]
k=1
and

Z(wﬁC — 1) < 00.

00
k=1

Remark. The last two conditions imply that E has finite measure. The lemma says
that if © ¢ E, then u(z + ¢(u(z))) < u(z) + 6.
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Proof. We may assume that E is unbounded, since otherwise the result is obvious.
Put z; = min E. Note that this minimum exists, since v and ¢ are continuous
and hence F is closed. Put 2} = z1 + p(u(z)).
We define (z)) and (z) recursively by z, = min(E N [z}_;,00)) and z} =
zr + @(u(zy)). By construction, zj < x}, < x4 and

u(rrg1) > ulx)) = u(wy + @(u(ry))) > ulrg) +0
for all £ € N. We deduce that
w(zpr1) > u(zy) + k6

and thus u(xy) — co. Hence xj, — o00.
By construction we thus have

E C U [k, 2] -

k=1
Finally, if £ > 2, then

), — 1 = p(u(z))
< p(u(ry) + (k —1)9)
< (Yo + (K —1)0)
yo+(k—1)é

1
el + (b-03)5 [ da
yo+(/€—2)5
1 yo+(k—1)d
< 5 o(x)dx

yo+(k—2)0

and thus

o) 1 00

Z(SE; —xp) < —/ (x)dr < oo. O

)

k=2 Yo
Remark. The result is often applied to the function v = e*. With K = ¢° > 1 we
obtain

v(x 4+ p(logv(z))) < Kv(zx) forz ¢ E.

T

For example, choosing ¢(x) = e™* we find that if v is increasing and continuous,

then

v<x+$> < Kv(z) forxgFE.

In this form it is found in most standard books. Sometimes the result is also applied
to w = v olog. Using that 1 +y < eY for y € R we find that
w(r(l+ ¢(logw(r)))) < w(re‘p(l"gw(’”)))
= v(logr + ¢(logv(logr)))
< Ku(logr)
= Kw(r)
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iflogr ¢ E.
Let
F={r:logre E}.

Putting 7, = €™ and 7}, = e” the condition

Z(xz,—xk)<oo

0o
k=1

takes the form

(oo} 7",

Zlog -+ < o0,
Tk

k=1

and we have

FC U [Ths 7] -

k=1

/dt
— < o0,
rt
/da:<oo.
E

We say that F' has finite logarithmic measure.

In particular, we have

corresponding to the condition

Theorem 6.6. Let f be entire, ro > 0 and ¢: [rg,00) — R continuous and de-
creasing with

/ " o(t)dt < oo.

0

Then there exists a (closed) set F' C [rg,00) with
/ dt
— <0
Fl

Ty
log M(r, f) < o(log T'(r, f))

Remark. Taking ¢(t) = t~* where a > 1 we obtain

such that
forr & F.

log M(r, f) < T(r, f) log T(r, f))*  for r & F.

Proof of Theorem [6.6. We apply Borel’s Lemma [6.1] and the remark following its
proof with w(r) = T(r,f) and K = 2. Taking R = r(1 + ¢(logT(r, f))) in
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Theorem [6.3] we have
log M(r, f) < 5 T(R f)
2+ (log T(r, f))
w(log T'(r, f))
T(r, f)
= p(logT(r, f))

for large r ¢ F'. (Here we have used that f:}o @(t)dt < oo and the monotonicity of
¢ implies that lim; . ¢(t) = 0.)
Since the hypothesis remains valid if ¢ is replaced by %gp, the conclusion follows.

[]

-2T(r, f)

Theorem says that T'(r, f) and N(r, f) are convex in logr (and non-de-

creasing). The following result is an analogue for the maximum modulus.

Theorem 6.7 (Hadamard three circle theorem). Let f be entire, f # 0. Then
log M (r, f) is convex in logr.

Proof. We have to show that if 0 < r; < r < ry, then

< logry — logr logr — log ry

log M(r, f) log M (ry, f) + log M(r, f).

~ logry — logr, logry — log

In order to do so, we consider for o € R the function

¢: C\{0} = R, o(2) = [2|*[f(2)]-

Then ¢ has no strict local maxima, since locally ¢ is the absolute value of a holo-
morphic function. Indeed, in any simply connected subdomain U of C\{0} there
exists a branch log of the logarithm, and

¢(2) = |2 f(2)] = |e**#= f(2))]

for z € U.
We now choose « € R such that

max ¢(z) = max ¢(2),

which is equivalent to
T?M(Tlv f) = TQQM(T27 f)
Solving the equation for o shows that this holds for
 log M(rs, f) — log M(ry, f)

N logry — log

Since ¢ has no local maxima we have
TaM<T’7 f) < T?M(Tb f) = T?M(T% f)

Inserting the value of o found in this equation yields the conclusion. O
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Instead of
M(r, f) = max|f(2)]

|z|=r

we will sometimes consider

A(r, f) := maxRe f(2).

|z|=r
To relate the two quantities we will use the following theorem.

Theorem 6.8. Let f be holomorphic in D(0,r) and z € D(0,r). Then

1 re? + 2

2
f(z) = %/0 Ref(re”)mw —do + iIm £(0).
Proof. Putting & = re® we have
re? + z B E+ 2
(i) - ()
o fE+2)(E—7)
-r(SE)
o (P =gz 2~ |2
-re( =)
o (1P A+ 20 Im(2€) — |2
-re( )
e = 2P
€ — z[?
= K(z,1,0).
Putting ,
1 T 0
h(z) = %/0 Re f(re’e)rew +z
we find that

1 2m ]

Reh(z) = 2—/ Re f(re”)K (z,7,0)df = Re f(2)
T™Jo

by Poisson’s integral formula (Theorem and the corollary of it).

The above expression for h defines a holomorphic function h: D(0,7) — C. We
deduce that f = h + ¢ with a constant ¢. The constant ¢ is then computed by
considering the value for z = 0. We conclude that

1 2 )
c= f(0) = h(0) = f(0) = 5= | Ref(re")dd = f(0) — Re f(0) = i Im f(0)

2 Jo

and the conclusion follows. O
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Theorem 6.9. Let [ be entire and 0 < r < R. Then

M(r, f) < 20 (max{A(R, 1), 0} +17(0)).

Proof. Let z € C with |z| = r. Theorem [6.7] yields that

e Re® + z
1) = |57 [ Ref(Re b + T £(0)
2m R
s—/ e |+ T S0)
_R+r 1 i0)
=2 o ]RefRe )| d6 + [Im f(0)].
We also have )
1 4 .
Re f(0) = —/ Re f(Re™)dd
2 Jo
and thus )
R+r R+r 1 T 9
— “)db.
ST Ref(0) = oo [ Ref(ReY)

Adding this to the ﬁrst inequality and noting that |z| + 2 = 2max{z,0} for x € R
we obtain

)+ e Re(0) < 7o [ 2max{Re f(Re), 0}d6 -+ Im £(0)
R+r

< Zm max{A(R, f),0} + |Im £(0)| .

We conclude that

M(r, £) < 25 mas{A(R, £),0} + [m £(0)] - 20 R

e £(0)
< §§+:(nwx{4u%f)0}+ﬂf()D m

Remark. If f is a non-constant entire function, then M(r, f) — oo by Liouville’s
theorem. Theorem implies that also A(r, f) — oo. In particular, A(r, f) > 0
for large r so that we actually have

R+r
=L (AR, ) + ] 0)).

M(r, f) <2

for 0 <r < R if R is large.
In analogy to Theorem [6.4] and Theorem [6.5] we have the following result.

Theorem 6.10. Let f be entire with
log A(r, f)

L :=liminf % < o0.
r—00 l()g?"

Then f is a polynomial with deg(f) < L.
The proof is a direct consequence of Theorem and Theorem
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7 The order of a meromorphic function

Definition 7.1. Let f be meromorphic. Then

logT
p(f) :=limsup log T'(r, f)
r—00 IOg r
is called the order of f and
log T
A(f) := liminf 08\ T) (r, /)
r—00 log r

is called the lower order of f.

Ezample. Since T'(r,exp) = C, we have p(exp) = A(exp) = 1.
T

Remark. Suppose that T'(r, f) < r% for r > ry. Then

—log T, f) <K for r>r
log r

and thus p(f) < K. The order is the infimum of the set of all K for which an
estimate T'(r, f) < ¥ holds for all large r. An analogous remark applies to the
lower order.

Theorem 7.1. Let f be entire. Then

log log M
o(f) = lim sup 28198 (r, f)
r—00 log r

and

A(f) = liminf log log M(r. f)
r—00 IOgT’

The proof follows easily from Theorem [6.4] and is omitted here.
Ezample. (1) Let

f(z) =e".
Then M (r, f) = e, so loglog M(r, f) = r and hence p(f) = A\(f) = oo.
(2) Let
B - eiz_i_efiz B 0 (_1)k ok
f(z) =cosz = 5 = (2]{;)!2 .
k=0
Then I
M(T,f) < ‘ —;e =e"
and
, e"+e " _ e
M) = 7)) = S5 =

It follows that log M (r, f) = r + O(1) and hence p(f) = A(f) = 1.
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(3) Let
f(z) =cosvz = kz_; ((Qk))! 2",
Then
eVr
M(r, f)<evY™ and M(r, f) > f(-r) > 5

and hence p(f) = A(f) = 1.

The following result is classical, but we omit the proof.

Theorem 7.2. Let f be entire with Taylor series expansion

flz) = Z 2"

n=0

Then |
p(f) = limsup ——2"

n—00 _log‘cnl
Here we put nlogn/(—log|c,|) =0 if ¢, = 0.

Remark. (1) The result gives an easy possibility to construct functions with
p(f) = p for any preassigned p > 1. E.g. for 0 < pu < oo we can take

— /P

cp =n""P.

(2) Taking the lower limit in the formula in Theorem does in general not give
the lower order. However, we have

1 _
A(f) = maxlim inf w,
(k) k—=oo —log|cp, |

with the maximum taken over all increasing sequences (ny) in N.

Theorem 7.3. Let f be meromorphic and M a Mobius transformation. Then
p(Mo f) = p(f) and A(M o f) = A(f).

The proof follows directly from Theorem [5.2

Theorem 7.4. Let fi; and fo be meromorphic. Then
p(fl + f2) < maX{p(fl)’p(fQ)}v
p(fi- f2) < max{p(f1), p(f2)},

and

p(f1/ f2) < max{p(f1), p(f2)}.
If p(f1) # p(f2), then we have equality in the above estimates.
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Proof. We only consider the sum f = f; 4+ f5, the other cases are analogous.
By Theorem we have

T(r,f) <T(r, f1) +T(r, f2) +1log2 < 2max {T(r, f1),T(r, f2)} + log2
and thus
log T'(r, f) < logt max {T(r, f1),T(r, f)} + O(1)

which implies that p(f) < max{p(f1),p(f2)}. Suppose that p(fi1) # p(f2), say
p(fi) < p(f2). Then

p(f2) = p(f — f1) < max{p(f1), p(f2)} < p(f)
since p(f1) < p(f2). Thus p(f) = p(f2) = max{p(f1), p(f2)}- O

8 Weierstrafl products

The fundamental theorem of algebra says that a polynomial p(z) = aqz?+ - -+ ag
with ag, aq # 0 has a factorization

p(z) :adljl(z—zj) :aoljl (1—2)7

with the zeros zq, ..., 24 of p.

We consider the question whether entire functions with infinitely many zeros
can be written as infinite products in a similar way.

Let (a;)jen be a sequence of complex number. A naive definition for the con-
vergence of the infinite product H;; a; would be the existence of limj_, H?Zl a;.
This definition would have two disadvantages:

— if a,, = 0 for some n, then limy_, H§:1 a; = 0, regardless of the behaviour
of a; as j — 00;

— limg 00 H?:l a; = 0 is possible even if a; # 0 for all j. For example, this
happens for a; = j/(j + 1).

Definition 8.1. Let (a;) be a sequence in C. Then [[7Z, a; is called convergent,
if there exists N € N with a; # 0 for 7 > N and if limy_,« H;?:N a; exists and

limy,_ o0 H?:N a; # 0. In this case we put

oo

Haj::al‘CLQ'.. - lim Haj
kﬁoo

=1 j

For a convergent infinite product [[Z, a; we easily see that [[}Z, a; = 0 if and
only if there exists j € N with a; = 0. For £ > N we have

k
Hj:N a;
k—1
Hj:N aj

ap =
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and thus ay — 1 if the product Hj‘;l a; converges. This necessary condition for
convergence is not sufficient, as shown by the example a; = j/(j + 1) already
considered.

The condition a; — 1 for infinite products corresponds to the condition a; — 0
for infinite series 3 °°, a;. The analogue of the Cauchy criterion for infinite series
says that the infinite product Hj’;l a; converges if and only if for every € > 0 there
exists V € N such that

<e forn>m>N.

fj:aj——l
j=m

Since a; — 0 for a convergent infinite product [[}Z, a; we write the factors a;
in the form a; =1+ ¢;.
The product [[7Z, (1 +¢;) is called absolutely convergent if [[7Z, (1 + |¢;]) con-

verges. Since
H (1+ Jes]) —

for n > m we see that absolutely convergent infinite products are convergent.

Moreover, the sequence
(H(l + |Cj|)>
j=1 neN

is non-decreasing, so it converges if and only if it is bounded.

n

H(l—kc] -1

j=m

Theorem 8.1. An infinite product H?:l(l + ¢j) converges absolutely if and only
if the series Z;’il c; converges absolutely.

Proof. Since log(1 + z) < z for z > —1 we have

log(H (1+1¢)) ) Zlog 1+]¢l) < Z|c]\
=1

so that the absolute convergence of the series implies that of the infinite product.
Suppose now that the infinite product converges absolutely. Then ¢; — 0 and thus
there exists N with |¢;| < 1 for j > N. Since z < 2log(1 + ) for 0 <z <1 we
deduce that

D el <2 log(l + ) = 210g<H(1 + chl))
j=N j=N j=N

for n > N, from which the conclusion follows. m

The above considerations extend to infinite products of functions. Definitions
like (locally) uniform convergence can be generalized to infinite products in an
obvious way. This yields the following result, the proof of which we omit.
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Theorem 8.2. Let D be a domain and let (u;) be a sequence of functions holo-
morphic in D. Suppose that 377, u;| converges locally uniformly in D. Then

o0

f(z) =110+ u(2))

=1

converges locally uniformly in D and defines a holomorphic function f: D — C.
Moreover, for z € D we have f(z) = 0 if and only if there exists j € N such that

When looking for an entire function whose zeros consist of a given sequence
(z), it is tempting to choose u;j(z) = —z/z; and thus to consider the infinite
product [[72, (1 — z/2;). However, in general this infinite product will diverge. For
example, this is the case for z; = j. The following definition will lead to a suitable
modification.

Definition 8.2. Let ¢ € Ny. The entire functions E(-, ¢q) given by
E(u,0)=1—-u

and

E(u,q) = (1 —u)exp (Z %)

J=1

for ¢ € N are called Wezierstrafl primary factors.

Lemma 8.1. Let g € Ny and u € D(0,1). Then
| E(u, q) — 1] < Jul""

Proof. For ¢ = 0 this is obvious. So let ¢ € N. Then

4 AN
%E(u, q) = —exp (Z ?> + (1 —u)exp (Z ?> Zuk’fl

Since all coefficients of the Taylor series expansion of the right hand side are neg-
ative we conclude that

E(u,q) =1-— Z ol

Jj=q+1
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where a;; > 0 for all j > ¢+ 1. Since E(1,¢) = 0 we find that

D =1
Jj=q+1
Hence
[e.e]
Bluq) =1 < ) ayluf
Jj=q+1
(0.9}
=l > aglup
J=q+1
o
<Jul™ Y ay
Jj=q+1
= |u|7T. O

Theorem 8.3. Let (2;) be a sequence in C\{0} with lim;_,, |2;| = co. Then there
exists a sequence (q;) in Ny such that

[e'e) i+1
z |9

Zj

j=1

converges locally uniformly in C.
If (¢;) has this property, then

et z
j=1 J
converges locally uniformly in C and represents an entire function whose zeros are

precisely the z;.

Here multiplicities are counted in the sense that if a € C appears m times in
the sequence (z;), i.e., card{j € N: z; = a} = m, then a is a zero of multiplicity m.

Proof. The first claim is satisfied for ¢; = j. To see this let R > 0. Then there
exists jo € N with |z;| > 2R for j > jo. For z € D(0, R) and j > j, we thus have

Jj+1 R j+1 1
<(ar) o

+1

q;+1

z

Zj

z

Zj

This implies that the sequence > >, |2/2|%"" converges uniformly in D(0, R).
Since R > 0 was arbitrary this yields locally uniform convergence in C.
Let now (g;) be a sequence such that this series converges locally uniformly.

converges locally uniformly and has the required properties. O
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Remark. It is easy to show that ¢; = [log j] is also an admissible choice. In Section 9
we will consider the case where (g;) is constant.

Theorem 8.4 (Weierstrafl factorization theorem). Let f be entire with infinitely
many zeros. If f(0) = 0, let m be the multiplicity of this zero, and put m = 0
otherwise. Let (z;) be the sequence of zeros of f in C\{0}, counted according to
multiplicity, and let (¢;) be as in Theorem . Then there exists an entire function

g such that
= z
fe)=eDem [ B (—, qj) -
=1 N
Proof. The function
f(z)
ZmH;?;EGj,qj)

is entire without zeros and thus has the form e with an entire function g. O]

Z

Remark. If f has only finitely many zeros, we have the same result, except that
the product occurring is finite.

Theorem 8.5. Let f be meromorphic in C. Then there are entire functions g and
h such that f = g/h.

Proof. Let (z;) be the (finite or infinite) sequence of poles of f in C\{0}, counted
according to multiplicity. By Theorem there exists an entire function k£ which
has precisely the z; as zeros.

If 0 is a pole of f, let m be its multiplicity and put m = 0 otherwise. Define h
by h(z) = z™k(z). Then h is entire and so is ¢ = fh. The conclusion follows. [

9 The Hadamard factorization theorem

Definition 9.1. Let (z;) be a sequence in C\{0} with |z;| — oo as j — oco. Then

o:=0((z)) := inf{u € R: Z# < oo}

is called the ezponent of convergence of the sequence (z;), with o = oo if the series
diverges for all .
If 0 < 00, then

. — 1
q:=4q((z)) = mln{mEN: Z|Z|—m+1<oo}
j=1""

is called the genus (German: Geschlecht) of the sequence (z;).

Remark. 1. Clearly ¢ <o <qg+1.
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2. The exponent of convergence is often denoted by A in the literature, but we
reserve this for the lower order.

3. If (2;) is a sequence in C with |z;| — oo as j — oo, with z; = 0 for some j, the
exponent of convergence is defined by omitting these z; from the sequence.

4. Any (infinite) discrete subset M of C has the form M = {z;: j € N} with
some sequence (z;) satisfying |z;| — co. We define the exponent of conver-
gence of M as that of (z;).

Theorem 9.1. Let (z;) be as in Definition [9.1 Let n(r) be the number of z; in

D(0,7) and put
N(r) = / ) gy

t
Then | low N
o = limsup og n(r) = lim sup og—(r)'
r—00 ogr r—00 IOg r

In the proof we will use the following lemmas.

Lemma 9.1. Let (z;) and n(r) be as in Theorem [9.1, and let > 0. Then
1 " n(t) n(r)
= —=dt + —=.
> p ),
Proof. We proceed as in the proof of Lemma and find that

L Todt Ly " n(t) n(r)
2 i~ 2 (“/t_+_) e .

—iju/rwdt

rH o et
Here 0 < & < minj |z;].

Lemma 9.2. Let (z;) and n(r) be as in Theorem[9.1, and let p > 0. Then

=1
) 2, <0
j=1 "7
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if and only if

In this case

Proof. Suppose first that the series converges. Lemma [9.1|implies that the integral
also converges and the limit lim, . n(r)/r* = 0 exists. But since [~ dt/t = oo,
the existence of the limit and the comparison test imply that the limit is actually
equal to 0.

Suppose now that the integral converges. Using the comparison test as before we
see that liminf, . n(r)/r* = 0. Lemma now yields that the series converges,
and as before this yields that in fact lim,_,., n(r)/r* = 0. O

Proof of Theorem[9.1. Suppose that o < co and choose p with o < 1 < co. Then

[e.9]

1
PRSI
= Izl
Lemma (9.2 implies that
i )
r—oo TH

We thus have n(r) < r# and hence logn(r) < plogr for large r and hence

logn(r)

lim sup

<
r—00 10g T

As p € (0,00) was arbitrary, this yields that

1
lim sup ogn(r) <o
r—00 10g r
Trivially this holds if o = oo.
Suppose now that
1
7 := lim sup ogn(r) < 00.

r—oo  logrT

We want to show that ¢ < 7. In order to do so, choose v, u with 7 < v < p < o0.
For large r we then have logn(r) < vlogr and hence n(r) < r”. This implies that

* n(t
/%<oo
o tH

=1
Z 2, < 00.
j=1"'"7

Lemma (9.2 now yields that
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Since p can be chosen arbitrarily close to 7 we conclude that 7 < 0. For 0 = o0
this is trivial. This proves the first equation claimed in Theorem [9.1]
The second equation follows easily from Lemma [3.3| which yields that

N(r) <n(r)logr + O(1)

and
1

KN(KT)

if K > 1. We omit the details. O]

Theorem 9.2. Let f be meromorphic, a € (A:, and let (z;) be the sequence of
a-points of f. Then o((2;)) < p(f).
Proof. By Theorem [0.1] we have

. log N(r,a)
)) =1 06N
o((23)) = limsup ===
By the first fundamental theorem, we have N(r,a) < T'(r, f)+O(1). The conclusion
follows. O

Remark. We will see later that we have equality in Theorem except for at
most two values of a. This is Borel’s theorem, and such values are called Borel
exceptional values.

Theorem 9.3. Let (z;) be a sequence in C\{0}, with lim;_, |2;| = oo and with
finite exponent of convergence. Let q be the genus of (z;) and let

o z
P(z) = Zq).
(2) | |E(Zj,q)
Jj=1
Then, with n(r) as in Theorem (9.1

"n(t) > n(t)
log M(h P) S L(q> (7”(]/0v thdt + Tqul/r tqjdt) )

L(C])Z{l Z:f 7=0,
(q+1)(2+1logq) if ¢>1.

Remark. The product for P converges by Theorem (and the definition of q).
Such a product P is also called canonical product.

where

We will first prove the following lemma.
Lemma 9.3. Let ¢ € Ny and u € C. Then
log |E(u,p)| < |u|®™ for |u| <1, u#1

and, qu Z 17
log |E(u,p)| < M(q)|ul  for |ul=1, u#1
with
M(q) =2+ logg.
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Proof. Lemma [8.1] yields if |u| < 1, then
log | E(u, p)| < log(1 +|E(u,p) = 1]) < |E(u,p) — 1] < |u[*

This is the first inequality claimed. To prove the second one, let ¢ > 1 and |u| > 1.
Then

q q q
1, . 1 1
log | E(u,p)| <log|1 —ul + > 5|u|3 < ful +) 3|u|q < |ul? (1+ ) 3> :

j=1 j=1 j=1
Since
1 7t
> = | 5 =logg
= 1
the conclusion follows. O

Proof of Theorem[9.5. We have, for z with |z| = r,

B(2a)
Zj

E(;,q)‘—i— Z log

J ‘Zj|>7”

log|P(2)] = ) _ log
j=1

= Zlog

|z <r

= El -+ 22.

We first estimate 5. By Lemma (9.3 we have

r q+1 . 1
2 Y (5) Y e

|zj]>7 |25 >

Lemma [9.1] says that if R > 0, then

1 Bon(t) n(R) n(r)
Z | 2]+ =(a+ 1)/T tq+2dt+ Ra+1 patl’

r<|z;|<R

Since (z;) has genus ¢, Lemma yields that the integral
> n(t)
/r ot

n(R)

1m
R—o0 R‘H‘l

1 * n(t) n(r)
Z |Zj|q+1 - (Q+ 1>/T Wdt o rq+1

converges and

=0.

It follows that
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and thus

If g =0, we have

=n(r)log2 + /OT %t)dt

< n(r) +/07" @dt

t

by Lemma Combing the estimates for ¥; and X5 gives the conclusion in this
case.

If ¢ > 1, then, by Lemmas[9.3] and [0.1],
O\ ¢
st ()

2\l

— Mg Y

ooer |2

— M(q)r <q /0 Wy ?)

= M(q)qr? /0 %ﬁdt + M(g)n(r).

Since M(q) > 1, the estimate for ¥ also yields

S < Mg+ 0 [T 5 (gt

Adding this to the estimate for X; yields the conclusion, since we may replace
M (q)q also by M(q)(q + 1) before the first integral. O

Remark. The constants L(q) and M (q) are not sharp.

Theorem 9.4. Let (2;), g and P be as in Theorem ' that is, P is the Weierstraf
product formed with the z;, of genus q. Then p(P) = o((2;)).
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Proof. By Theorem we have 0 := 0((z;)) < p(P). So we only have to prove
the opposite inequality. As remarked after Definition (9.1, we have ¢ < o < ¢+ 1.
We distinguish two cases:

Case 1: ¢ <o <q+ 1. Choose € > 0 with 0 + ¢ < ¢+ 1. Then there exists
K > 0 such that n(r) < Kr*¢ for r > 0, by Theorem [0.1] Theorem [9.3
implies that

log M(r, P) < L(q) - K <rq / torema gt 4t / t”+f—q—2dt>
0 T

rcr—l—e—q ro—&—e—q—l
=L K(r'———— " —
o+e—q qg+1—0—c¢

=L(q)-K( SR ! )rm.

c+e—q q+l1—0—c¢

It follows that p(P) < o + ¢, and this yields p(P) < o since € can be chosen
arbitrarily small.

Case 2: 0 = ¢+ 1. Again we have n(r) < Kr°*® with a constant K, for any
given £ > 0. By Lemma [9.1] the integral

*n(t)

converges. It follows from Theorem [9.3] that

log M(r, P) < L(q) (qu/ to+£—q—ldt+rlﬁ-l/ Z](_th)
0 T

1
= L(q) - K———r7"° ).
@ K oo +o(r’™)

and hence again that p(P) < o. O

Theorem 9.5 (Hadamard factorization theorem). Let f be meromorphic with
p(f) < oo. Let Py and Py be the canonical products formed with the zeros and
poles of f in C\{0}, respectively. Let c,,z™ with ¢, # 0 be the first non-vanishing
term in the Laurent series of f near 0. Then there exists a polynomial Q) with
deg Q < p(f) such that
_m o) Do2)
f(z) =2z"e Poa)

Remark. 1. If f(0) =0, then m is the order of this zero. If f(0) = oo, then —m
is the order of this pole. Otherwise m = 0.

2. The main difference to the Weierstrafl factorization theorem is the additional
hypothesis that f has finite order. This implies that ) is a polynomial (and
not just entire).
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Proof of Theorem[9.5 The function h defined by

Py (2)
Py(z)

—m

hz) = f(2)
is entire and has no zeros. Then it is of the form
h(z) = Q%)
with an entire function ). Moreover, by Theorem [7.4]

p(h) < max {p(f), p(Pw), p(Po), p(z7™)} -

Now p(2~™) = 0 and denoting by (z;) and (p;) the sequences of zeros and poles in
C\{0} we have
p(Fo) = a(()) < p(f)
and
p(Poo) = o((ps)) < p(f)-
Hence

p(h) < p(f).

It follows that for € > 0 we have
log M (r, h) < rP)+e
for large r. Since

log M (r, f) = log max }eQ(z)| = logmax @) = A(r, Q)

|2|=r |z[=r

we thus have
A(T, Q) < rr(f)+e

for large r. Theorem yields that @ is a polynomial and deg @) < p(f)+¢e. The
conclusion follows since € can be taken arbitrarily small. O

Ezample 9.1. Let f(z) = sinmwz. The zeros are 0,+1,£2,.... Since

1
Z W < 0 fOI' M >1
keZ\{0}

‘k’ — 9

the exponent of convergence and the genus of the sequence of zeros are both equal
to 1. Moreover, p(f) = 1 and f has a simple zero at 0. By Hadamard’s factorization
theorem there exits a polynomial () of degree at most 1 such that

f(z) =294 ] E(i1>

jenfoy N
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Writing Q(z) = az + b we have

. ¥ /i
sinz = ze¥t? H (1 — —,) e %

JEzN0) J

— 2% TP H (1 — E) el (1 + E) e/
ot j j
]_
+b ﬁ ( 22)
= ze"” 1——=.
j=1 J*

In order to determine a and b we write this as
sin 7z 1

o I =22/

az+b —

e

We conclude that
eaz-i—b _ 6a(—z)+b _ e—az-l—b

for all z € C and thus a = 0. Hence
b sin 7z 1

e’ = — ,
Z Hj:l (1—22/5%)
for all z € C, where “for all z € C” is understood to mean that if the expression

on the right hand side has a removable singularity, then it has to be replaced by
the appropriate value. It follows that

& — Jim sinz 1 i sinz
250 2 H;‘il(l — 22/42) 250 2

Altogether we find that

= T.

00 2
sin 7wz :WZH (1 — Z—2> .
J

=1

E.g. for z = % we obtain
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This formula for 7 is known as Wallis’ product.

Ezample 9.2. Let f be meromorphic without zeros and poles at 0, —1, —2,... (and
no other poles). The exponent of convergence and genus of the poles are 1. Thus
p(f) > 1. Assuming in addition that p(f) = 1, we see that the function f with the
above properties are precisely those which have the form

1
IG5+ f)e_z/j

eaz+b

Z H(;il(l + ?)efz/j

eaz—i—b 0

f(Z) — Z—leaz—I—b

with a,b € C.

The functions zf(z) and f(z + 1) have the same poles (in —1, -2, —3,...) and
no zeros. Their quotient zf(z)/f(z+1) is thus entire and without zeros. Moreover,
it has order at most 1 and is thus of the form e®**? with ¢,d € C. More precisely,
we have

2f(z) etz 41) g j+2+1 e/
f(Z + 1) ea(z+1)+b H ] + z ; e(z+1)/j

j+z+1 o1/
= z+1 hm —_— J
( n—>ool_[1 ]—|—z
—a - 1
= nh_)rgo(z—kn—l—l exp( ;13>

N !
=e * lim ———exp| logn —

n—00 n

. ~1
=e nlgg(}exp(logn—Z;)

J=1

)

(S

Jj=1

=e %7

where

: ~ 1
’Y:nh_fgo (logn—23>.

The limit v = 0.57721 ... is called the Euler-Mascheroni constant (or Euler’s con-
stant).
For a detailed proof that the limit exists one may write

n

S [ (L !

J=1
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and note that, since

the integral

converges.
Choosing a = —v in the definition of f we thus have f(z+1) = 2 f(z). Choosing
b =0 we have
e F

F0) =l 2 &) = oy g7 =

We conclude that f(1) =1, f(2) =1, f3)=2-1=2, f(4) =3 f(3) =3-2and
in general
fn)=n-1)!'=1-2-3-...-(n—1)

for n € N. The function f obtained is called the Gamma function and denoted
by I', that is
e_’yz 6—"12 e jez/]

['(z)

=S > S e
z 1—{——,)6_2/] =1
(-

As noted above, we have I'(n) = (n — 1)! for n € N and I'(z + 1) = 2I'(2) for
ze€ C\{0,-1,-2,... }.

Remark. For Rez > 0 the Gamma function is often defined by

['(z) :/ e ' tdt.
0

It can be shown that this agrees with our definition. The functional equation
['(z 4+ 1) = 2I'(2) follows from this via integration by parts.

10 Preparations for the second fundamental the-
orem

The first fundamental theorem says that

T(r, f) = N(r, f) + m(r, f) :N(r,fia) +m(r, fia) Lon)

asr — oo, foralla € C. Soif T'(r, f) is large, then one of the terms N(r,1/(f — a))
or m(r,1/(f — a)) must be large, meaning that f has many a-points or f is close
to a on some part of the circle 0D(0, 7).
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The second fundamental theorem will say that for “most” values of a the first
alternative will hold. More precisely, we will see that if a;,...,a, € C, then

q
1
Zm r,—— | +m(r, f) <2T(r, f)+ ...
- f — Gy

7=1

where the dots indicate a “small error term”. Together with the first fundamental
theorem this yields

(q—l)T(T,f)SZNG,f_;%) +N(r, f)+....

In particular, this leads to a contradiction if f(z) # a1, aq, 00 for all z € C so that
Picard’s theorem follows. However, the result gives much stronger results than just
Picard’s theorem.

We will first give an upper bound for the difference of the left and right side of
the above inequalities. Later we will then show that the upper bound obtained is
indeed small in a suitable sense.

Theorem 10.1. Let f be meromorphic (and non-constant) and let ay,...,a, € C
be distinct. Then

Zm(r, f—laj> +m(r, f) <2T(r, f) — Ni(r) + S(r)

=1
where

N (r) = N(r, %) +2N(r, f) = N(r, f) > 0
forr>1 and

S(r) < m(r, 7/) —i—jilm(r, 7 f/aj) +O(1)
asr — 0Q.

Remark. A pole of order k is counted 2k times in 2N (r, f) and k + 1 times in
N(r, f'). Altogether it is then counted 2k — (k 4 1) times; that is, kK — 1 times. It
follows that Ni(r) > 0 for r > 1.

An a-points of multiplicity & > 2 is a zero of f’ of multiplicity £ — 1 and thus
counted k —1 times in N(r,1/f"). Together with the above considerations for poles
we see that Ny(r) is a term that counts the multiple values of f.

Proof of Theorem [10.1] Put
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By Theorem [5.3] we have
T(r,Pof) = C]T(T,f)-'-@(l)

1 1 1
N(“Pof):;N(’”’f—aj)

the first fundamental theorem yields that

Since

A partial fraction decomposition yields

q

1 Cj
P(w) ; w — a;

with constants ¢; € C\{0}. (In fact, we have ¢; = 1/P'(a;) for 1 < j < q.) It
follows, using Lemma [4.1], that

ort) ol )
f 1
(r,P—of>—l—m(r,?)+(’)(1)
m ric-i —|—m(r i)—i—(’)(l)
’j=1 'f—a f
q f/ +il L i
m T’f—aj ) log lcj| +logg+m| r, 7 + O(1).

Combining the above estimates we have

Soulo ) ) e

Jj=1

IA
3

IN

J
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The first fundamental theorem yields that

m(r, fl> —T(r, f) — N(r, f1> + o)
— N f) + mlr, f) — N(r, %) + o)
=2N(r, f) = Ni(r) +m(r, f') + O(1)

=2N(r, f) — Ni(r) —|—m(7', f%f) +0(1)
<2N(r,f) — Ni(r) + m<r, f7> +m(r, f) + O(1)

Together with the previous inequality we thus have

im(“ 1 )SZN(T7f)+m(T,f)—N1(r)+m<7f/)

=t [ —a "7
+zq:m(r L) + O(1).
j=1 ey

Adding m(r, f) on both sides and noting that T(r, f) = m(r, f) + N(r, f) by
definition yields the conclusion. O]

11 The lemma on the logarithmic derivative

Theorem shows that the second fundamental theorem requires an estimate of
m(r, f'/f). Since f'/f = (log f), the term f'/f is called the logarithmic derivative.
In order to obtain the desired estimate, we begin with the following representation
of the logarithmic derivative.

Theorem 11.1. Let f be meromorphic in D(0,r) and let ay, ..., a,, be the zeros
and by, ..., b, the poles of f in D(0,r). Let z € D(0,r) with f(z) # 0,00. Then

f'(2) i/o% log | (re”)| (QL“’(M

f(2) T or reif — z)2

= 1 a; 1 b;
(et SEas)
Jj=1 J

J=1

Proof. Theorem says that if ¢ is holomorphic in D(0,7), then
1

T or

2T 20
/0 Reg(re™) :Zw i_ de + i Im g(0).

9(z)
Differentiating this with respect to z we obtain
i0

2w
J(2) ! / Re g(re") (Ld&
0

T or rei — z)2
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This yields the conclusion if f has no zeros and poles, since then f may be written in
the form f = e? with a holomorphic function f. Then f'/f = g and log |f| = Reg.
In the general case we assume again for simplicity that f has no zeros and poles
on 0D(0,7) and, as in the proof of Theorem and , consider

H?:l ¥b; (2)

h(z) = f(Z)Hm_1 oo (2
with
#alz) = Z(;—_ aC,Lz)'

Then h has no zeros and poles in D(0,r) and |h(re?)| = |f(re?)| for § € R. Using
the result already proved we conclude that

L (i”log|f(reW)|(Teﬁ?f_z)2d9:: foi
RN
65 )
as claimed. )

Remark. In the last equation we have used that if F' = f; - fo and G = f1/ f5, then
/ /! !/ ! !/ /
PR S g O_E D
Fo Rk G fi [

These rules can be proved (and remembered) by noting that locally we may write
log F' = log f, + log fy with suitably chosen branches of the logarithm so that

B (logFY = (o fiy + (log o) = L1 + 22
h

F
with an analogous reasoning for G'/G. Of course, the above rules can also be
checked with the product and quotient rules.

Theorem 11.2 (Jensen’s inequality). Let I C R be an interval and f: I — R
convez. Let Ay, ..., Ay € (0,1) with 337 \j =1 and xy,...,3, € I. Then

() <
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Proof. The conclusion is trivial if all z; are equal. Suppose that this is not the

case. Then .
5 = Z )\jl’j
j=1

is in the interior of I. Since f is convex, there exists an affine function g such that
g(&) = f(§) and g(t) < f(t) for all t € I. Here by affine we mean that g has the
form ¢(t) = at + b for certain a,b € R. It follows that

f&) =9(§) =a+b=a (i%’%’) +0

j=1
=a <Z)\];€]> + bZ)\J
=1 j=1

= Z Aj(az; +b)

j=1
= Aiglz))

j=1
<N ONf (). o

j=1

Theorem 11.3 (Jensen’s inequality, version for integrals). Let I C R be an inter-
val, f: I — R convezr and g: [a,b] — I (Riemann) integrable. Then

f(ﬁ /abg(t)dt) < ﬁ/abf(g(mdt-

Remark. Since convex functions are continuous, it follows from the hypothesis of
the theorem that f o g is also integrable.

Proof of Theorem[11.5 Let a < ty < t; < ... < t, = b be a partition of the

interval [a,b] and let 7; € [t;_1,¢;] for j =1,...,n. With

tj — tj—l
b—a

we deduce from Theorem that

f <ﬁ >t - tj—l)g(Tj)> <3 i - >t —ti) fg(my)).

j=1 j=1

>\j = and LIZ‘j = g(Tj)

The conclusion follows by taking the limit through a sequence of partitions with
maximal interval length tending to 0, using also that f is continuous. O]

Remark. The result can be extended to Lebesgue integrable function, e.g. by ap-
proximation by continuous functions. Using f = exp and g = log h one obtains the
following result.
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Corollary. Let h and log h be integrable over [a,b]. Then

I I
< .
P /a log h(t)dt < log<b — a/a h(t)dt)

The proof of the following simple lemma is omitted.

Lemma 11.1. Let 0 < a <1 and xy,...,2, > 0. Then
n @ n
(Sn) <3
j=1 j=1

Theorem 11.4. Let f be meromorphic with f(0) = 1 and let 0 < r < R and
0<a<1l. Then

M\ 1 24 (R \"""T(R,f)
m<r’?>§5bg<1+l—a(}%—r> ro '

Proof. Let r < p < R and z € D(0,p). Theorem yields that if f(z) # 0, 00,
then

ol 7
— 1 d9+
()] 727 o log | (pe” H |L;<:p —aj; P2_a_jz
b;
+ =
Ibzl<:p p — bz

Here the a; and b; are the zeros and poles of f. We combine the sequences of zeros
and poles into one sequence (¢;). Noting that

1
|log |w]| = log™ [w| + log™ Tal
w

for w € C\{0} we thus conclude that

73| = ot (e em(e3) )+ =

1 c —c
(1+——p(j _>)‘.
z—c p p?—cz

p(z —c)
p?—cz

1 Ci
+

— . 2 _ |
Z—c;  p* =Gz

For ¢ € D(0, p) we have

Since the map given by

Z =
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maps D(0, p) onto D(0,1) by Lemma [3.1) we deduce that

1 ( |c|> 2
< 14 < .
|2 — ¢ p |2 — ¢l

We conclude, noting that m(p,1/f) < T'(r, f) since f(0) = 1, that

1 c
+ =
z—c p*—cz

4
<Gl “Z\
lejl<p

Together with Lemma this yields

fz)
f(2)

=75

(G ’}'E?D?
(

1
< —log| 1+ IT)D —{—20‘2 ’
«

lejl<p

log™

(p

Integrating this, using Jensen’s inequality, and also noting that 4% < 4 and 2% < 2
we obtain

oL le 1A "2y o
—_—— O —_—
"UF) e )y B\ T oo |rew—c|a
lejl<p

1 4p”

< Zlogl1 9

< Jlog| 1+ o T(p, f)* + |Z< 27T/ |mw_c|a

cjl<p

Write ¢; = |¢;|e"?7. Then

2 do 2 do
/0 ﬁ:/ [rei® — |c;leiese
2 do
:/o [reif=2s — |y
2 dt
:/o [reit — [y
</2“ dt
— Jo r%lsint|®

B 4/”/2 dt
Core Jy |sint]e’
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Since sint > 2t/ for 0 <t < w/2 we thus have

/2” g _ 4 2 /2 dt
0 |7’€i9 _ Cj‘a - po qo 0 1o
4 2a tl—a

re g 1 —q

t=m/2

t=1
™

re 2(1—a)
2T
ro(l —a)

Inserting this into the above estimate for m(r, f’/f) we obtain

w(n ) <ton(14 It S e )+ 1/0)).

1 1
We now choose p = §(R+r). Then p < Rand p—r = §(R —r) and thus

4p% 16 R*
L7, f)* <

=y ~T(R, f).

(R—7)

We also have, by Lemma (3.3}

N(R,f)Z/pR

It is easy to see that
—1
log:vzx— for x> 0.
x
This yields that
R _R/p—1 R—-p R-r
p - R/p R 2R

and hence that

1

and also

Altogether we thus have

m(r, fT/) < élog(l + %T(R,f) + (R—r)i]j(l _a)T(R, f)) .
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The conclusion follows since

16R SR 1 (16R°‘r0‘(1 —a) , SR )
(R—r)> (R—r)r*(l—a) r(1-a«) (R—r)% R—r

ai (9 () )

1 R 1+a
< 2| — .
~ro(l —a) (R—T)

In the last estimate we simply used that 1 + a > max{1, 2a}. H

IN

The term R — r in the denominator prevents us from taking R = r in Theo-
rem[11.4] However, the Borel lemma (Lemma allows to estimate m(r, f'/f) in
terms of T'(r, f) outside an exceptional set.

We recall a version of this lemma given in the remarks after Lemma Let
2o, Yo > 1, K > 1, v: [19,00) — [e¥,00) continuous and non-decreasing, and
©: [yo,00) = (0, 00) continuous and non-increasing with

/Oo p(y)dy < oo.

Yo

Then there exists a subset E of [xq, 00) of finite measure such that
vz + p(logr(z))) < Kv(z) for x¢&FE.

The choice p(y) = 1/y? yields that

y(m + m) < Kv(x)
for = & E.

Theorem 11.5. Let f be a transcendental meromorphic function and e > 0. Then
there exists a subset E of [0,00) of finite measure such that

m("‘ f7> < (1+¢) (log T(r, f) +logr)

forr & E.

Proof. Without loss of generality we may assume that f(0) = 1, since otherwise
we can replace f by g(z) = czPf(z) with a suitable ¢ € C\{0} and p € Z. Then

o(:£) - 5) o0

T(r,g) =T(r, f)+ O(logr) = (1+o(1))T(r, f)

and
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by Theorem [6.5] Thus

log T(r,g) =logT(r, f) + o(1),

which implies that f satisfies the conclusion if f does.
To apply the Borel lemma as in the remark above with v(r) = T'(r, f) and

o(y) = 1/y* we put )

+ s
(log T'(r, f))?
Then R < 2r for large r so that Theorem yields that if K > 1, then
! 24 T(R
a-m( J}) <10g<1—|— T R”a(logT( f))2+20‘—( ’f)>

ra

R=r

< log<1 + %QHQT(log T(r, £))*™*T(R, f)>

<log2+ log(1 2 21+0‘> + logr

+ (24 2a)loglog T'(r, f) + log T(R, f)
<log2 + log(1 2 21“‘) + logr

+ (24 2a)loglog T'(r, f) +log T'(r, f) + log K

for r ¢ E, where F has finite measure. Thus

a-m(r,“’%) (1+ )logT( f)+logr

for large r ¢ E. Taking « close to 1 yields the conclusion. O]

Remark. If f is rational, then

as z — oo and thus )
m( / > 0
S
for all large r. Therefore it is no restriction to consider only transcendental func-
tions in Theorem [IT.5l
If f has finite order p(f), then Theorem [L1.5 gives

m<r,f?/)§(p(f)+1—l—5)logr for r¢ L.

The following result improves the constant on the right hand side and — more
importantly — says that in this case no exceptional set E is required.
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Theorem 11.6. Let f be a meromorphic function of finite order. Then

limsupm(;(;Tf;/f) < max{p(f) —1,0}.

Proof. We may again assume without loss of generality that f(0) = 1. We apply
Theorem [IT.4] with R = 2r and obtain

m(r, i/) < llog(l + 24 2”‘"T(2T7 f)) )
f a 1

— TOL

Let € > 0. Then T'(2r, f) < (2r)?Y)* for large r and thus

/
m(r L) < Llog(1 4+ 22 grragune ptie—a
) T« 11—«

< l (log+ <£21+a+p(f)+8) + log™ (rp(f)+€—oc) + log 2)
o -«
max{p(f) +¢—a,0}

< logr + O(1)

(67

asr — 0o. Considering the limits as & — 1 and € — 0 we obtain the conclusion. [

12 The second fundamental theorem and the de-
ficiency relation

The following result, called the second fundamental theorem of Nevanlinna theory,
is an immediate consequence of Theorem and the result of Section 11.

Theorem 12.1. Let f be meromorphic and let aq,...,a, € C be distinct. Then

I 1
Zm(r,f_aj) +m(r, f) <2T(r, f) — Ni(r) + S(r, f)

j=1

where
Ni(r) = N(r, fi) +2N(r, f) — N(r. )
and the term S(r, f) satisfies the following:
(i) There exists a subset E of [0,00) of finite measure such that
S(r, f)=0(ogT(r, f)) + O(logr)
asr — o0, r & F.
(13) If f has finite order, then S(r, f) = O(logr) as r — oc.
(¢3i) If f is rational, then S(r, f) = O(1).
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Remark. For transcendental f we have

T
lim —(T’ 7) = 00
r—oo logr

by Theorem [6.5] This implies that

S(r, f) = o(T(r, f))

as r — oo, r & E. The conclusions (ii) and (iii) yield that this holds without the
exceptional set E' if f has finite order.

Proof of Theorem [12.1. Theorem says that the conclusion holds with

5.0 (s 2+ 35 ) w000,

Noting that T'(r, f —a;) = T(r, f) + O(1) and f'/(f —a;) = (f —a;)'/(f — a;) the
conclusion now follows from the results in Section 11. ]

The following result is another version of the second fundamental theorem,
using the counting functions instead of the proximity functions. Here we write

N(r,a) = N(r,1/(f —a)) for a € C and N(r,00) = N(r, f).

Theorem 12.2. Let f be meromorphic and ay,...,a, € C be distinct. Then
q
(¢=2T(r. ) <Y N(r.aj) = Ni(r) + S(r. f),
j=1

with S(r, f) satisfying the conclusion of Theorem [12.1]

Proof. Suppose first that a; € C for all j € {1,...,q}. We add > 9_, N(r,a;) to
the left and right hand side of the inequality in Theorem [12.1} Noting that

N(r,a;) + m(r, ) =1T(r, f)+O(1)

1
f—a

by the first fundamental theorem we obtain

qT(r, f) +m(r, f) <> N(ra;) +2T(r, f) = Ni(r) + S(r, f).

J=1

Subtracting 27'(r, f) and noting that m(r, f) > 0 we obtain the conclusion.
Suppose now that a; = oo for some j. Without loss of generality we may assume
that a, = oo. Then the above inequality holds with ¢ replaced by ¢ — 1. Thus

q—1

(q = DT, f) +m(r, f) <Y N(ra;) +27(r, f) = Ni(r) + S(r, f).

J=1
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Adding N(r,a,) = N(r,00) = N(r, f) on both sides we obtain

qT(r, f) <> N(r,a;) +20(r, f) = Ni(r) + S(r, ).

j=1
and thus the conclusion. O

An alternative method to deal with the case that a; = oo for some j is to
consider 1/(f — ¢) instead of f for some ¢ € C with ¢ # a; for all j.

Let 7(r, f) denote the number of distinct poles of a meromorphic function f
in the closed disk D(0,7); that is, multiplicities are not taken into account. In
analogy to the definition of N(r, f) we put

N(r,f):/orﬁ(t’f);ﬁ(o’f)

dt +m(0, f) logr.

As before we also write 71(r, 00) and N(r, co) instead of n(r, f) and N(r, f) and we

put
1 — — 1
n(r,a) = ﬁ(r, m) and N(r,a) = N(T, m) :
én a-point of multiplicity & is thus counted k times in N(r,a), but only once in
N(r,a). In Ny(r) it is counted k — 1 times. This implies that

q

> (N(r,a;) = N(r,a;)) < Ni(r)

j=1
for r > 1. Theorem then yields the following result.
Theorem 12.3. Let f be meromorphic and a,,...,aqy € C be distinct. Then

(q - 2)T<T7 f) < ZN(T’ a’j) + S<T7 f)7
j=1
with S(r, f) as in Theorem |12.1]

Picard’s theorem is a simple consequence of Theorem [12.2] (or Theorem [12.3)).
The following definitions will be used to state some generalizations.

Definition 12.1. Let f be meromorphic and a € C. Then

da)=9d(a, f)=1— linisup ]j\j((:’;;

is called the (Nevanlinna) deficiency of a, and

=¢(a, f) = limin N(r,a) — N(r,a)
S(G)_ ( 7f) 1r—>oof T(T7f>

is called the ramification index of a. Moreover, we put

O(a) =6(a, f)=1— linlsup jj\fé:’;))
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Remark. By the first fundamental theorem, we have 0 < §(a) < 1. If f has no
a-points, then d(a) = 1. In general, the deficiency §(a) should be thought of as a
measure of how often f takes the value a. A “large” deficiency means that f takes
the value relatively “few” times, and vice versa.

A similar interpretation applies to ©(a). Analogously, €(a) > 0 means that f
has relatively “many” multiple a-points.

It follows easily from the definition that

0<d(a)+e(a) <BO(a) <1

for all a € C.
In analogy to the terminology n(r,a) we also put

mwﬂ):m(nféz)

if a € C and m(r,00) = m(r, f). The first fundamental theorem thus takes the
form

N(r,a)+m(r,a) =T(r, f)+ O(1)
for all @ € C. This implies that

= limin m(r, a)
ia, f) = lr_mf T )

Theorem 12.4. Let f be meromorphic. Then the set A = {a € C: O(a, f) > 0}
s countable and
Z@(a, f) = Z@(a
acC acA
Corollary. For a meromorphic function f we have
> (6a, f) +ea. f)) <2
aE@

and, in particular,

> o(a, f) <2

acC
The second inequality in the corollary is called the deficiency relation.

Proof of Theorem[12.4 Let ay,...,a, € C. Dividing the inequality
q
(¢g—2) g}j (rya;) + S(r, f)

from Theorem by T'(r, f) and taking a limit as » — oo through a sequence of
r-values outside the exceptional set F we get

q _
N(r,a;)

qg—2< E lim sup J
j:1 T—>00 T(Tj f)
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and thus

This implies that the set

Aq:{ae(C: @(a’f)ZS}

has at most ¢ elements. In particular, A, is finite and thus A = 4N A, is count-
able. Writing A = {a1, as, as, ...} we obtain the conclusion. O

Remark. Let f be a transcendental meromorphic function. Suppose that f takes
the values ay, . .., a, only finitely often. Then d(a;) = 1 for all j and thus ¢ < 2 by
the deficiency relation. Thus Picard’s theorem follows from the deficiency relation.

Theorem 12.5. Let f be a non-constant meromorphic function, ai,...,a, € C
distinct and my,...,my € N. Suppose that all a;-points of f have multiplicity at
least mj, for j =1,...,q. Then

Proof. By hypothesis we have

N(r,a;) = m;N(r, a;).

Together with the first fundamental theorem we obtain

_ 1 1
N(Ta aj) S EN(T’ a'j) S ET(T’ f) + 0(1)
and thus o
N(r,a;) 1
O(a;, f) =1 —limsu VAN ) [ p—
=BTy 2,
The conclusion now follows from Theorem [12.4] O

Remark. 1If f does not take a value a; at all, that is, f(z) # a; for all z € C, then
the hypothesis of Theorem is satisfied for any m; € N.
Taking the limit as m; — oo we may put 1/m; = 0 in Theorem then.

Ezample. Let f(z) = cosz, a; =1, ay = —1, a3 = 0co. We can take m; = mqy = 2
and, in the sense of the previous remark, ms = oo and 1/m3 = 0. Then we have
equality in Theorem [12.5

Definition 12.2. Let f be meromorphic and a € C. Then a is called totally
ramified if f has no simple a-points.
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Theorem 12.6. A non-constant meromorphic function has at most four totally
ramified values.
A non-constant entire function has at most two totally ramified values in C.

Proof. Let aq,...,a, be totally ramified values. With m; =mqe = ... =m, =2 we
deduce from Theorem m that ¢ - % < 2 and thus g < 4.

If f is entire, we may choose a, = oo and m, = oco. Applying Theorem [12.5]
with m; = me = ... = my_1 = 2 yields that ¢ — 1 < 2, so there are at most 2
totally ramified values in C. n

The example f(z) = cos z considered above shows that an entire function may
have two totally ramified values in C. There are also meromorphic functions with
four totally ramified values. They come from the theory of elliptic (doubly periodic)
functions.

13 Uniqueness theorems

Our first application of the second fundamental theorem are some uniqueness the-
orems.

Definition 13.1. Let f and g be meromorphic and a € C. Then f and g are said
to share the value a if f~'(a) = g~*(a); that is, for z € C we have f(z) = a if and
only if g(z) = a.

If, in addition, for every a-point 2y of f and hence g the multiplicity of 2, as
an a-point of f is the same as the multiplicity as an a-point of g, then f and g are
said to share the value a with multiplicity.

Ezample. (1) Let

1
f(z)=¢" and g(z)=¢€¢*=——.
(2 (- e
Then f and g share 0, oo, 1 and —1 with multiplicity.
(2) Let
e+l _(eF41)?
f(Z)— (ez_l)z and g(Z)— 8(62—1)

Then f and g share 0, co, 1 and —%, but without multiplicity. This is clear
for the values 0 and co. Moreover, we have

flz)=1 & ez+1:(ez—1)2 o ef=e¥ —2° & =3

and

gz)=1 & (e+1)*=8(e"—1) & e* +2e°+1=8" -8
S ¥ —6"+9=0 & (=32 =0 & " =3.

1

Thus f and g share 1. An analogous argument shows that they also share —g.
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Theorem 13.1. Let f and g be meromorphic and non-constant. If f and g share
5 values, then f = g.

Proof. Let a;...,as be the values shared by f and g. Without loss of generality
we may assume that a; ..., as € C, since otherwise we can consider 1/(f — ¢) and
1/(g — ¢) instead of f and ¢ for a suitable ¢ € C.

Put h = f — g. We have to show that h = 0. Suppose that this is not the case.
Picard’s theorem says that f has an a;-point for some value of j. This a;-point is
a zero of h. Thus h is non-constant.

For j € {1,...,5} we put

N(r,a;) = N(r, ! ) .

f—a;
Since f and g share the values a; ..., a5, we also have
— — 1
N(r,aj):N<r, )
g —a

The first fundamental theorem yields that

ZN(T, aj) < N(r, %) <T(r,h)+00Q) <T(r,f)+T(r,g) + O(1).

j=1

On the other hand, by the second fundamental theorem (more precisely, Theo-
rem |12.3) we have

3T(Ta f) S ZN(’F? aj) + S(Ta f)

with S(r, f) as in Theorem [12.1] Thus
1 o
T(r, f) < (5 + 0(1)) ;N(T, a;) forr ¢ Ey,

with a subset E of [0, 00) of finite measure. Analogously,

T(r,g) < (% + 0(1)) ZW(T, aj) forr ¢ E,,

with a subset Ej; of [0,00) of finite measure. Combining the above estimates we
obtain

T(,) + 7)< (5 +01)) S W)

Jj=1

< (34 0) (60 + T + O

for r ¢ Ef U E,. This is a contradiction. O
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Remark. (1) The examples given before Theorem show that the number 5
in Theorem [13.1| cannot be replaced by 4.

(2) If f and g share 4 values a4, ...,a4, the arguments in the proof of Theo-

rem yield that

> N(raj) <T(r, f) +T(r,g) + O(1),

—

B

T(r, f) < (1 + 0(1)) > N(r,a;) forr¢E,

and

With F = E; U E, this yields that
T(r,f)~T(r,g) forr¢FE

as well as

ZN(T, aj) ~2T(r, f) ~ 20 (r,g) forr ¢ E.

J=1

Theorem 13.2. Let f and g be meromorphic and non-constant. If f and g share
4 values counting multiplicities, then there exists a Mobius transformation M such

that f = M og.

Proof. Without loss of generality we may assume that 0, 1 and oo are among the
values shared by f and g. Let ¢ be the fourth value shared by f and g.

Let Ey and E, be the exceptional sets arising from the second fundamental
theorem, (which in turn arise from the lemma of the logarithmic derivative), applied
to f and g, and put £ = Fy U E,.

We note here that the exceptional in the second fundamental theorem does
not depend on the choice of the values ai,...,a,. To see this recall that the
exceptional set arises from the application of Borel’s lemma (Lemma in the
proof of the lemma on the logarithmic derivative. More precisely, this lemma was
used to estimate the term T'(R, f) occurring in Theorem by KT (r, f) with
a constant K. In the proof of the second fundamental theorem we also have to
estimate the terms m(r, f'/(f —a;)). Theorem gives an upper bound in terms
of T(R, f — a;). However, we have T(R, f — a;) < T(R, f) + log™ |a;| + log2 by
Theorem [5.1], (ii). This gives an estimate of m(r, f'/(f — a;)) in terms of T'(R, f).
Hence we obtain an estimate of m(r, f’/(f — a;)) in terms of T'(r, f) outside the
same exceptional set as before. R

Thus, by the second fundamental theorem, there exist at most two values a € C
such that

N(r,a) =o(T(r,f)) forr¢ E.
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So at least two of the shared values do not have this property, and we may assume
without loss of generality that this is the case for 0 and oo; that is,

7&2%2

N
lim sup T >0 and limsup # >0
TTQ%O (7", f) rrz%o (T, f)

We consider the auxiliary function

- f/ B g/
=500 -0 ss—Dg—o

We want to show that H = 0 and thus assume that this is not the case. We have
the partial fraction decomposition

f/ _ ai/ f/ + fy f/
=0 =) fF “f=1 "f=c
with a =1/¢, B =1/(1 —¢) and v = 1/(¢(c — 1)). The lemma on the logarithmic
derivative (Theorem implies that
=
fF=1(f =¢)

Analogously we have

+f

) =o(T(r,f)) forr¢FE.

s =odr or r
m(Mg—n@_cO-—Cﬂ7w)f ¢ E.

As remarked before Theorem [13.2] we have
T(r,f)~T(r,g) forr¢E.
Altogether we thus obtain
m(r,H) =o(T(r,f)) forr¢E.

Next we show that H is entire. In order to do this we note that poles of H can
only occur at points where f and g take one of the shared values 0, 1, ¢ and oo.
Using the partial fraction decomposition mentioned above we have

B L/_g_/ f/ B g/ f! B g/
_a<f g>+ﬁ(f—1 g—1>+7<f—c 9—6)’

If zo is a zero of f and hence g of multiplicity p, then f’/f and ¢'/g have simple
poles with residue p at zy. This implies that H is holomorphic at z;. The same
argument shows that H is holomorphic at the 1-points and c-points of H.
Suppose now that zq is a pole of multiplicity p. Then f’ has a pole of multiplicity
p+ 1 at zp while f(f — 1)(f — ¢) has a pole of multiplicity 3p at z. Thus the
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function f'/(f(f —1)(f — ¢)) has a zero (of multiplicity 2p — 1) at zy, and so does
g /(g(g—1)(g —¢)). It follows that H has a zero at z;. In particular, H is entire
as claimed.

Moreover, the argument shows that

Ner,f) < N(r, %) |

Together with the first fundamental theorem we thus have
N, f) < T(r, H) + O(1).

Since H is entire we have N(r, H) = 0 and thus the estimate for m(r, H) obtained
above yields

T(r,H)=m(r,H)=0(T(r, f)) forr¢E.
Combining the last two equations we have
NG f) = o(T(r, f)) forr ¢ E.

However, we assumed that

This is a contradiction. Thus H = 0.
Next we define a second auxiliary function

._ f'f B gy
L T s Ry g &

Arguments analogous to the ones used above show that K is entire and, assuming
K #0,

— 1 1

N (7”, ?> S N (7’, E) S T(T, K) + 0(1)

T(r,K)=m(r,K)=0o(T(r,f)) forr¢E.
This contradicts the assumption that
—( 1
N{(r —
(7)

as well as

li%%lp T f) > 0.
Thus also K = 0. Combining this with the equation H = 0 obtained already we
find that e ,
0= K — . 99
fF=Df ¢  glg—1(g—¢)
= S f- g g’
FF=D =" glg—=1(g—0)
_ f 2 2
SR 7

and thus f%2 = ¢2. Hence f =g or f = —g. O
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Remark. The second example after Definition [13.1] shows that the conclusion of
Theorem [13.2| need not hold if f and g share the values without multiplicities.
However, a result of Gundersen (1983) says that it suffices to assume that 2 of the
4 values are shared counting multiplicity. It is an open question whether this also
holds if only one of the 4 values is shared counting multiplicity.

14 An application to iteration theory

To motivate the application of Nevanlinna theory we are concerned with, we first
give the following application of Picard’s theorem.

Theorem 14.1. Let f be an entire function which is not if the form f(z) =z + ¢
for some ¢ € C. Then f o f has a fized point; that s, there exists zg € C with

f(f(20)) = 20

Proof. Suppose that f o f has no fixed point. Then f has no fixed point. Thus
f(2) # z for all z € C and this implies that f(f(z)) # f(z) for all z € C. We
deduce that the function h defined by

ey - L) ==

f(z) ==
is entire and satisfies f(z) # 0 and f(z) # 1 for all z € C. By Picard’s theorem, h
is constant, say h(z) = ¢ for all z € C, with ¢ € C\{0, 1}. Hence

F(f(2)) = 2= c(f(2) — 2)

for all z € C. Differentiating this we obtain

and thus
(f'(f(2) =) f () =1—c

Since ¢ # 1 this yields that f’(z) # 0 for all z € C. This implies that f'(f(z)) #0
for all z € C. Moreover, the last equation implies that f'(f(z)) # ¢ for all z € C.
Picard’s theorem implies that f’ o f is constant. Hence f’ is constant. (Note that
the assumption that f has no fixed point implies that f is non-constant.) Thus
f has the form f(z) = az + b with a,b € C. The hypothesis that f has no fixed
points no implies that a = 1. O

Remark. If f is a transcendental entire function, one would expect that f o f has
infinitely many fixed points. This is indeed the case, but it does not follow from
Picard’s theorem with the above method of proof. The point is that even if f has
only one fixed point a, the equation f(f(z)) = f(z) will in general have infinitely
solutions and thus the function h considered in the above proof will have infinitely
many 1-points. In fact, every a-point of f is a 1-point of A.
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However, Nevanlinna theory can be used to show that h has “few” 1-points;
that is, N(r,1/h) = o(T'(r,h)). The proof can then be completed as before.

We will actually prove a more general result involving the iterates f™ defined
by f! = fand f* = fo f* ! forn > 2.

Theorem 14.2. Let f be a transcendental meromorphic function and let g be
entire. Then there exists a subset E of [0,00) of finite measure such that

i Ll fog) _
1m ———— =
ey T(r.g)

with some subset E of [0,00) of finite measure.

Corollary. Let f be a transcendental entire function and m,n € N with n > m.

Then ( f )
/r n
lim ’ = 00
rrz%o T(T’, fm)

Proof of Theorem[1].3 Let b € C be such that f has infinitely many b-points
ai, Gy, as, . ... Then g(z) = a; implies that f(g(z)) =b. For ¢ € Nand r > 1 we

thus obtain
N N
(r7eams) 2 2V 20)

(In fact, this also holds with N(r,-) replaced by N(r,-), but we will not need this.)
By the second fundamental theorem we have

ZN( ) = a2 o)T(g) Trr g

with a subset E of [0,00) of finite measure depending only on g. By the first
fundamental theorem we have

N(r, ﬁ) <T(r,fog)+O(1).

Combining the last two inequalities we obtain

T(r,fog)>(q—2—-0(1))T(r,g) forr ¢ E

so that -
liminfM >q—2.
rex T(rg)
Since ¢ € N was arbitrary, the conclusion follows. O

Remark. The conclusion of Theorem [14.2| and the Corollary actually holds without
any exceptional set F.
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Definition 14.1. Let f be entire, n € N and z5 € C. Then zj is called a periodic
point of period n if f"(29) = 2z and f*(20) # 2o for 1 < k < n.

The following result is due to Baker (1960).

Theorem 14.3. Let f be a transcendental entire function. Then there exists at
most one m € N such that f has only finitely many periodic points of period m.

Proof. Suppose that there are two integers m,n € N such that f has only finitely
many periodic points of periods m and n. Without loss of generality we may assume
that m < n. Let ay, ..., a, be the periodic points of period m and by, ..., b, be the
periodic points of period n.

We put £ = n — m and consider the function h defined by

As in the proof of Theorem [14.1| we consider the zeros, 1-points and poles of h.
First we note that by the first fundamental theorem and Theorem we have

1
N < ¥ (i ) T(r, () — =)+ O(1)
T(r, f*) + O(logr)
( (r, "))
as 7 — oo, r ¢ E. Here E is again a subset of [0, 00) of finite measure.
Let zp € C with h(z) = 0. Then f"(2) = 2. Thus 2 = b; for some

j € {1,...,q} or there exists k € N with 1 < k < n such that f*(z) = 2. It
follows that

L 1 n—l_ 1
N(T, E) < qlogr—l—;]\f(r, W) + O(1).

By the first fundamental theorem and Theorem we thus have

n—1

N(r, %) < qlogr + ZT(T, fF(2) —2) + OQ) = o(T(r, )

asr — oo, r¢ b

Let now z, € C with h(z) = 1. Then f*(z) = f"(20) = f™(f%(20)) so that
f%(20) is a fixed point of f™. Thus f(29) = a; for some j € {1,...,p} or there
exists K € N with 1 < k < m such that f*(2) = f¥(f“(20)) = f“(20). This

implies that
m—1 1
)< ZN( )* " =)

NG
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The first fundamental theorem yields that

m—1
— 1
< k—l—f
N(T7h—1> p-T(r +; )+ T(r, ) + O(log )
and as before we deduce from Theorem [14.2] that

N(r, . ! 1) — o(T(r, )

asr — oo, r ¢ E.
Altogether we thus have

N(r,h) = o(T(r, f)), N(r, %) =o(T(r, f*)) and N(r, ; i 1) =o(T(r, f"))

asr — oo, r ¢ E.

Using Theorem once more it is not difficult to deduce from the definition of
h that T'(r,h) ~ T(r, f*) as r — oo, r ¢ E. Together with the previous equations
this is a contradiction to the second fundamental theorem. ]

Remark. The example f(z) = e* + z shows that an entire functions need not have
fixed points. In other words, there need not be periodic points in period 1. Thus
m = 1 may arise as an exception in Theorem [14.2l One can show that this is
the only exception; that is, for n > 2 there are infinitely many periodic points of
period n.

The second fundamental theorem concerns the a-points of a meromorphic func-
tion f; that is, the zeros of f—a. In the above proof we used the second fundamental
theorem to obtain conclusions about the zeros of f(z)—z. More generally, one may
also consider the zeros of f(z) — a(z) for certain functions a.

Theorem 14.4. Let f be meromorphic and let a,, az, a, be meromorphic functions
satisfying T (r,a;) = o(T'(r, f)) as r — oo, for j =1,2,3. Then

0= 3(er

as T — oo, 1 & E, for some subset E of [0,00) of finite measure.

) olre )

J

Proof. We consider the meromorphic function h defined by
as(z) —as(z) f(z) —ai(z)
az(z) —ai(z) [f(2) — az(2)

The hypothesis that 7'(r,a;) = o(T'(r, f)) and the first fundamental theorem yield
that

h(z) =

N(r, %) §W<r, f_lal) +N(r, ! ) + N(r, a1) + N(r, a3) + N(r, as)
§N<r, ! ) +o(T(r, f)).
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The same reasoning shows that

1

N(T, h) S N(T, m

)+ ot ()

and

N(r, hi1> gﬁ(r, f_1a3> +o(T(r, f)).

Finally, using T'(r, a;) = o(T'(r, f)) it is not difficult to see that
T(r,h) ~T(r, f).
The conclusion now follows from the second fundamental theorem applied to h. [

Remark. Theorem has been extended to the case of ¢ functions ay,...,q,
satisfying T'(r, a;) = o(T'(r, f)) by Yamanoi in 2004: given € > 0 we have

(q—2—T(r f) < iﬁ(r, f - aj)

for r outside a set of finite measure. With N(r,-) replaced by N(r,-) this had been
proved before by Steinmetz in 1986.

15 Differential equations in the complex domain

We will give some application of Nevanlinna theory to the theory of differential
equations in the complex domain. In order to do so, we need to compare the
Nevanlinna characteristic and the other quantities of Nevanlinna theory of a mero-
morphic function with those of the derivatives.

Theorem 15.1. Let f be meromorphic and k € N. Then, for some subset E of
[0, 00) of finite measure,

(i) N(r, f®) = N(r, f) + kN(r, f) < (k+ )N(r, f),
(i) m(r, f®) <m(r, f) + o(T(r, [)) forr ¢ E,
(4ii) T(r, f*) < (k+ DT (r, f) +o(T(r, f)) forr ¢ E.

Proof. Conclusion (i) follows immediately from the definition of N(r,-) and N(r, ).
We will prove (ii) and (éi7) by induction. The case k = 0 is trivial. Assume
now that (i) and (i77) hold for some k£ > 0. Noting that

mir, ) = m(f }k(;l) f“”) < m(%) +m(r, f®) +0(1)

we deduce from the lemma on the logarithmic derivative that

m(r, fE) < m(r, f8) + o(T(r, f*)))
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for r ¢ E. Since by induction hypothesis (ii7) holds for k, we deduce that
T(r, f®) = O(T(r, f)) for r ¢ E and thus

m(r, f*V) < m(r, f) + o(T(r, f))

for r ¢ E. Together with the assumption that (iz) holds for k£ we deduce that (i7)
also holds with & replaced by k + 1. Together with (i) this implies that (ii7) also
holds with k replaced by k& + 1. m

As a simple but instructive example of how Nevanlinna theory is applied to
differential equations is the following result.

Theorem 15.2. Let f be meromorphic and P a polynomial. If f satisfies the
differential equation f' = P(f), then deg(P) < 2.

Proof. With d = deg(P) we deduce from Theorems and that
d-T(r, f)=T(r,Po f)+O(1) =T(r, ') + OQ) < 2T(r, f) + o(T(r, [))
as r — 0o, r ¢ E. This implies that d < 2. O

Remark. A solution of f' =1+ f? is given by f(z) = tan 2.
Of course, the differential equation f’ = P(f) can be integrated directly:

/ZC_/Z f/(C) ‘= @ qw
Above we considered the differential equation f' = P(f) with a polynomial P.
Thus P has the form P(w) = 3¢_ apw® with a; € C. Now we will study the more

general case where the a; are rational functions. First we extend Theorem to
this context.

Theorem 15.3. Let f be meromorphic and
d
P(z,w) = Z ap(2)w",
k=0
where the ay are rational functions and aq # 0. Then
T(r,P(z f(2))) =d-T(r, ) + O(logr).

Proof. Choose ry > 0 such that all zeros and poles of the coefficients ay, . .., a, are
contained in D(0,79). Then a pole zy of f of order m is a pole of P(z, f(z)) of
order dm. This implies that there exists M € N such that

n(r, P(z, f(2))) =d-n(r, f) + M
for r > rg. Hence

N(r,P(z, f(2)))=d- N(r, f) + O(logr).
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To obtain a corresponding estimate for the proximity function we note that
there exist ¢; € C\{0} and m; € Z such that

aj(z) ~cj- 2"

as |z| — oco. Hence
a;(2)
aq(2)

as |z| = o0o. Thus there exist R > 0 and L > 0 such that

)

< (1+0(1)) .

. |Z|mj_md

1
72 < |z/F and 2 < laa(2)] < |z[*

for |z] > R. For r > R we consider
J={0€0,2n]: |f(re?)| > r*}.

For z = re' with @ € J and r > R we then have

1Pz, S = faul2) £ ()" (1 Y ZZEj;f(Z)’“‘d> ‘
ey (2)
> o) A (13 |23 e
= laa(z)

d—1

> |2 f (=) (1 - \Z\LIZ!('“’”‘)(“l))

> A (1- ;0) -

For r > max{R, 2d} and 6 € J we thus have

Eal
S

) . 1 )
[P(re”, f(re™)| = 515 f(re)]"
Hence
1 . , 1 ,
— / log™ |P(re®, f(re®))|d6 > —/ (—log?2 — Llogr + dlog* | f(re)|) do
2 J 27 J
1 .
=d- - — / log™ | f(re®)|d§ —log2 — Llogr.
2 J
Similarly,

|[P(re®, f(re”))] < 20| f(re”)|".
for r > max{R,2d} and # € J and thus

1 : ) 1 )
— / log™ |P(re®, f(re))|df < d - — / log™ | f(re)|df + log2 + Llogr.
2 J 2m J
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For r > R and 6 € [0,27]\J we have |f(re?)| < rf*! and

aq(z) Z £(2)

i aa(2)

]

|[P(re”, f(re”))| = f(2)F

Q

d
< |Z|LZ |Z|L|z|(L+1)k < (d+ 1)|Z‘2L+(L+1)d
k=0

so that )
— log™ | f(re®)|dd < (L +1)logr
27 [0,27]\J
and
1 ) )
— log* |P(7"ew, f(re’e))|d9 < (2L + (L + 1)d)logr + log(d + 1).
2m [0,27]\J

Combining the last estimates we deduce that

m(r, P(z, f(2))) = % /JlogJr ]P(reia, f(re®))|do + O(logr)

1 .
=d- —/1og+ | f(re®®)|do O(log )
2m J;
=d-m(r, f) + O(logr).
Together with the estimate for N(r,-) obtained already this yields
T(r,P(z,f(2))) = d-T(r, f) + O(logr). O
Let

P(z,w) = Z ap(2)w",

be as in Theorem [15.3] We say that P(z,w) is a polynomial in w with rational
coefficients and call d the degree with respect to w. We denote it by deg,, (P).
These polynomials form a ring. The units in this ring are the polynomials of
degree 0 (in w); that is, the rational functions (of z). The corresponding field of
fractions (German: Quotientenkérper) consists of functions R of the form

_ Zzl:o ag(2)w"
- n

Rz, w) f—o Dk (2)w"

with rational functions ag,...,a, and by,...,b,, and b, # 0 for some k. We may
actually assume that the a; and b, are polynomials, as this can be achieved by
multiplying them with a common multiple of their denominators. In other words,
R is a rational function in two variables, which means that R is a quotient of
polynomials in two variables. If m and n in the above representation are chosen
minimal, which means that numerator and denominator do not have a common
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factor (with respect to w), then d := max{m,n} is called the degree of R with
respect to w and denoted by deg,,(R).

In elementary number theory, Bezout’s lemma says that the greatest common
divisor ged(p, q) of two integers p and ¢ has a representation ap + bg = ged(p, q)
with integers a and b. (The proof is obtained from the Euclidean algorithm.) In
particular, if p and ¢ are coprime (German: teilerfremd), then there exist a and b
such that ap + bg = 1. This result actually holds not only for the ring of integers,
but in any principal ideal domain (German: Hauptidealring). In particular, this is
true for the ring of polynomials in one variable over some field. We shall use this
for the field of rational functions.

Lemma 15.1. Let P(z,w) and Q(z,w) be two coprime polynomials in w with
rational functions in z as coefficients. Then there exist polynomials A(z,w) and
B(z,w) in w with rational functions in z as coefficients such that

A(z,w)P(z,w) + B(z,w)Q(z,w) = 1.

Theorem 15.4. Let f be meromorphic and let R(z,w) be rational in both variables.
Then

T(r, Rz, (2))) = deg, () - T(r, f) + Olog ).
Proof. We write

P m n
R(z,w) = Plz,w) with  P(z,w) = Z ap(z)w® and Q(z,w) = Z bi(2)w"
Qz,w) k=0 k=0
with rational functions ay, ..., am,bo, ..., b,, where a,, # 0 and b, # 0. Assuming

that P and @ are coprime we have deg,, (R) = max{m,n}. We first show that
T(r, R(z, f(2))) < deg,(R) - T(r, f) + O(logr).

by induction on deg, (R). The conclusion is clear if deg,(R) = 0. Suppose now
that d € N and that the conclusion holds if deg,(R) < d — 1. We may assume
that d = m > n. In fact, if m < n this can be achieved by considering 1/R(z, w)
instead of R(z,w), noting that

1
T(r, m) =T(r,R(z, f(2))) + O(1).

And if m = n = d, then we consider

-1

st (i () - S ) )
(rew-) - (2L )
_ > o bi ()"

£ (@) - 450G ) wr
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instead of R(z,w), noting that

T(r, (R(z,f(z)) - ZZ((ES)_ ) =T(r,R(z f(2))) + O(logr).

Thus we may assume that d = m > n. By long division (German: Polynomdivi-
sion) we find that R(z,w) has the form

S S dalz)ut
R(z,w) = cr(2)wk 4 SE=0
2 AT
where 0 < /¢ < n and ¢y, ..., Cpn_n,do,...,dy are rational functions. Thus

R(z, f(2)) = a(z) + B(2)

where
oz :minc 2)f(2)* an 2) = Zizodk(z)f(z)k
(2) ; HEf(E) and - B(z) = S E

By Theorem we have T'(r,a) = (m—n)T(r, f)+O(log r) and by the induction
hypothesis we have T'(r, 3) < n-T(r, f) + O(logr). Combining the two estimates
we obtain the desired upper bound for T'(r, R(z, f(2))).

Now we turn to the proof of the lower bound for T'(r, R(z, f(2))); that is, we
prove that

T(r,R(z, f(z)) > deg,(R) - T(r, f) + O(logr).

Again we may assume that m > n. Since the case n = 0 is covered by Theorem [15.3
we may thus assume that 1 < n < m. Choose A and B according to Lemma [15.1
so that

Az, w)P(2,w) + Bz 0)Q(z,w) = 1.
With s = deg,,(A) and t = deg,(B) we have s +m = t + n. Since m > n this

yields t > s. We put C' = A/B and write A*(2) = A(z, f(2)), B*(z, f(2)), etc. In
particular, R*(z) = R(z, f(2)). Then

L1 A 1
CJF@‘B*JFF_B*Q*

1 1
T(T,C +§) _T<T7B*—Q“)

=T(r,B*Q*) + O(1)
= degw(BQ) logr + O(IOg T)
= (t+m)T(r, f) + O(logr)

and hence
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by the first fundamental theorem and Theorem [15.3, Moreover,

1
T(r, C* + ﬁ) <T(r,C*)+T(r,R") + O(1)

< deg,(C) -T(r,f)+T(r,R*) + O(logr)
=t-T(r,f)+T(r,R*) 4+ O(logr)

by the upper bound proved already. Combining the last two estimates we have

(t+m)T(r,f) = T<r, C + %) +O(logr) <t-T(r,f)+T(r,R")+ O(logr)

and hence
degw<R) ’ T(T7 f) =m:- T(Ta f) < T(?“, R*) + O(log T) = T<T7 R('Z? f(Z))) + O(log T‘)
as claimed. O

Theorem 15.5 (Malmquist’s theorem). Let f be a transcendental meromorphic
function and let R(z,w) be rational in both variables. Suppose that f satisfies the
differential equation

f'(z) = R(z, f(2)).
Then R is a polynomial in w and deg, (R) < 2.

Proof. By Theorem we have
T(r,f) <2T(r, f) + o(T(r, f))
for r ¢ E while Theorem [15.4] says that
T(r,R(z, f(2))) = deg,(R) - T(r, f) + O(logr).

Together these results imply that deg, (R) < 2.
For ¢ € C we consider h = 1/(f — ¢). Then
f, 2 pl

——— = —h°f".

(f —¢)?

Since f(z) = 1/h(z) + ¢ we find that h satisfies the differential equation

W=

1
B (z) = —h(z)zR(z, e + c) .
Applying the result we have proved already we deduce that the function S given
by
1
S(z,w) = w2R(z, —+ c)
w

satisfies deg,, (S) < 2. From this it is not difficult to deduce that R is a polynomial
in w. [



80 15 DIFFERENTIAL EQUATIONS

The differential equation

F(2) = ao(z) + a1(2) f (2) + az(2) f(2)?

is called Riccati differential equation. If ag, a; and as are polynomials, then all
solutions of this equation are meromorphic.

We only sketch the proof. Consider the following linear system of differential
equations:

v = ayu + agv

v = —asu

Standard techniques show that for every linear system of differential equations
with entire coefficients the solutions are also entire. Thus all solutions u and v
of the above system are entire. The quotient f = u/v of two solutions is thus
meromorphic, and we have

w\’' uv—ur a1t + agv)v — u(—asu
f/:(—): :(1 ov) ( 2):ao+a1f+a2f2-
v 12 v?

The following result is proved in the same way as the previous theorem.

Theorem 15.6 (Malmquist-Yosida theorem). Let f be a transcendental meromor-
phic function, R(z,w) be rational in both variables and n € N. Suppose that f
satisfies the differential equation

f(2)" = R(z, f(2)).
Then R is a polynomial in w and deg,,(R) < 2n.

Remark. Actually there are much stronger restrictions on R than just deg,(R) <
2n It was shown by Steinmetz as well as Bank and Kaufman in 1980 that the
differential equation considered can be reduced by linear transformations to one of
the following equations (or a power thereof):

F'(z) = a(z) + b(2) f(2) + c(2) f(2)
f'(2)" = a(2)(f(2) = b(2))*(f(2) = 70)(f(2) — 7)
F'(2)* = al2)(f(2) = )(f(2) = ) (f(2) = 73)(f(2) = 7a)
F1(2)* = al2)(f(2) = 1)*(f(2) = )" (f(2) — 75)°
F(2) = a(2)(f(2) = 1)*(f(2) = 22)*(f(2) — 73)°
F1(2)° = al2)(f(2) = 1) (f(2) = 72)*(f(2) — 75)".

There the 7; are distinct constants and a, b and c are rational functions.
Another generalization of Theorem due to Eremenko says that if

f'(2)"Qm(z, f(2)) + -+ [(2)Qu(z, f(2)) + Qo(z, f(2)) = 0

with polynomials Q;(z,w) in w, then deg,,(Q;) < 2(m — j).
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16 Exceptional values of derivatives

Picard’s theorem says that if an entire function f satisfies f(z) # 0 and f(z) # 1
for all z € C, then f is constant. Saxer showed in 1923 that this also holds if
f(z) #0 and f'(z) # 1 for all z € C. We will consider some more general results.
In fact, Saxer’s theorem is an immediate consequence of the following theorem.

Theorem 16.1. Let f be a transcendental meromorphic function and k € Ny. Let
No(r) denote the counting function of the zeros of f*+V) that are not 1-points of f.
Then

T(r, f) <N(r. f) + N(r, %) 4 N(r, ﬁ) ~ No(r) + o(T(r, f))

asr — oo, & E, for some subset E of [0,00) of finite measure.

Proof. The second fundamental theorem, applied to ¢ := f*), yields that

1 1
m(r, g) + m(r, ;) + m(ﬁ g— 1) S QT(T’, g) - Nl(ﬁ g) + O(T(’l“, g))
as r — oo, r ¢ E, with
1 !
Ni(r.g) = N(r, 3) +ON(r,g) - N(r,g).

Here and in the following E always denotes a subset of [0,00) of finite measure.
The first fundamental theorem implies that

2T(r, g) — Ni(r, 9) = m(r, g) + N(r,g) +m(r’g—i1> +N<r’ gil)

7g/
1 1 1
:m(r’gHm(r’g— 1) +N(T’g— 1) _N(T’ ?)

+ N(r,¢") — N(r,g9) + O(1).

Since

and

this yields

2T(r,g)—N1(r,g):m(r,g)%—m(r,gil)—l—ﬁ(r, ! )—No(r)+ﬁ(r,g)+0(1).
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Together with the inequality obtained at the beginning of the proof this yields that

m(r2) < F(n ot ) = Nalr) 4 W) +olT0)

asr — oo, 1 ¢ E.

By Theorem we have T(r,g) = T(r, f®) < (k+ 1)T(r, f) as r — oo,
r ¢ E. This implies that the o(7'(r, g))-terms occurring above can be replaced by
o(T(r, f)). The lemma on the logarithmic derivative implies that

1 1 fw
() = ()

1 )
TFW)+mOVWﬂ)

and induction shows that

w(ng) <m(n g ) +or ) =m(r3) 4ol

as r — oo, r ¢ E. Thus

mQﬁ)SN@ 1)+wa—mm+dﬂmm

f g—1
and hence
M
< N(r, %) —i—N(r, - ! 1) + N (r.g) — No(r) + o(T(r, 9))
=N (13 )+ ¥ (r =g )+ N0 = Nale) + 0T )
as T 0o, r ¢ E. 0

Remark. The case k = 0 is a direct consequence of the second fundamental theorem.
The theorem of Saxer mentioned above follows from the case k = 1.

Theorem implies that if f is meromorphic with only finitely many zeros
and poles such that f*) has only finitely many 1-points for some k& € N, then
f is rational. To see this, we only have to note that Theorem yields that
T(r, f) = O(logr) under these hypotheses.
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One may replace the 1-points of f) by the a-points of f*) for any a € C\{0}.
This follows by considering f/a instead of f. However, one may not replace the
I-points of f*) by the zeros of f*). In fact, f(z) = e* has no zeros and poles, and
f®(2) # 0 forall z € C and all K € N. And for f(z) = e* + 1 we have f(z) # 1
and f®)(z) # 0 for all z € C and all k € N,

We will now prove a result of Hayman which implies that in order to conclude
that a meromorphic function f is rational it suffices to assume that f has only
finitely many zeros and f*) has only finitely many 1-points for some k& € N. So no
hypothesis on the poles is required.

Theorem 16.2. Let f be a transcendental meromorphic function and k € N. Then

160 < (24 )V (ng )+ (24 F) ¥ (o qmy ) +olT)

asr — oo, ¢ E.

The idea is to estimate the term N(r, f) occurring on the right hand side of
the inequality in Theorem [16.1] in terms of the other counting functions occuring
there. In order to do so we write

N(T, f) = Ns(rv f) +NM<T7 f)>

where N,(r, f) denotes the counting function of the simple poles and N, (r, f)
denotes the counting function of the multiple poles, counted without multiplicity.
First we prove the following lemma.

Lemma 16.1. Let f be a transcendental meromorphic function and let No(r) be
as in Theorem [16.1. Then

N1 ) < Wl )+ 5 (1t ) + Nale) + o(T )

asr — oo, ¢ E.

Proof. Let g = f® be as in the proof of Theorem and put

B g/(z)kJrl B (f(k+1)(z))k+1
h(z) = (1—g(2))*2 (1— f(’f)(z))kﬂ'

Let 2z, be a simple pole of f. Then f*) and hence 1 — f*) have a pole of order
k+1 at zp. In fact,

1- M) =

O o (14O )
Gyt HOW = e (1 Oz = 2)™)

as z — zp for some non-zero constant a (depending on zj). It follows that

(k+ 1)a (k + 1)a

R () = v T /7 _ o\ v PR k42
f ( ) (Z . Zo)k+2 + O(1> (Z _ Zo)k+2 (1 + O(( ) ))
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as z — zg. Hence

(k‘ + 1)k+1ak+1 (Z _ ZO)(k+1)(k+2)
h(z) = (z — zo)B+2)(k+1) ’ ak+2

=b+0((z— zo)kH)

(14 0((z — 20)*))

as z — 2, with b = (k + 1)*'/a € C\{0}. Thus h(z) = b # 0 and hU)(z) = 0
for 1 < j < k. Hence h/h' has a pole of multiplicity at least k at zy. It follows that

cr(nt)

= T(r, %) +O(1)

() em(n ) w0y

< N(r, %) +o(T(r, b))

= N(r,h) + N(n %) + o(T(r, h))
— 1

asr — oo, r ¢ E.

Next we note that if zy is a pole of f of multiplicity p > 2, then h has a zero of
multiplicity (p + k)(k+2) — (p+k+ 1)(k+1) = p—1 at z,. Further zeros of h
can arise only from zeros of f*+% which are not 1-points of f* so that

W(r, %) < Noo(r, f) + No(r).

Poles of h can arise only from zeros of f*) — 1 so that

Nirh) < N(r, ﬁ) |
Combining the last three inequalities we obtain the conclusion. O
Proof of Theorem[16.3. We have
Ny(r, f) +2Nu(r, ) < N(r, f)
and thus, together with the first fundamental theorem,

Nin(r, f) < N(r, f)=(Ns(r, f) + N, f)) = N(r, f)=N(r, f) < T(r, f)=N(r, f).
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Theorem says that

T(r, f) < N(r, f) + N (r, %) + N(n ﬁ) — No(r) + o(T(r, f))

as r — oo, r ¢ E. Together these inequalities yield that

Noulr, f) < N(r, %) 4 N(r, ﬁ) ~ No(r) + o(T(r, 1))

as r — 0o, r ¢ E. By Lemma [16.1] we have

N0 ) < N £) + 8 (15— ) + B0() + o0 1)

f

as r — oo, r ¢ E. Combining these two estimates we obtain

KNL(r, f) < N(r, %) + W(T, ﬁ) +o(T(r, f))
and thus
Ny(r, f) < lN(r l) + 2N(T ;) +o(T(r, f))
A=) TR\ e ’
as 7 — 0o, r ¢ E. Adding the estimates for N,,(r, f) and N,(r, f) yields that
N(Tv f) = Nm(r’ f) + NS(Tv f)

< (1) 5 (ng)+ (14 2) ¥ (= ) +olrn)

as r — oo, r ¢ E. Inserting this in the inequality of Theorem yields the
conclusion. O]

Corollary. Let f be a meromorphic function and k& € N. Suppose that f(z) # 0
and f®)(z) # 1 for all z € C. Then f is constant.

To prove the corollary, we note that Theorem [16.2|implies that f is rational, say
f = P/Q with polynomials P and ). Since f has no zeros, P is constant. Induction
shows that f*) has the form f*) = R, /Q*' with a polynomial R; which has no
common zeros with @ and satisfies deg Ry < (k + 1)deg@ = deg(Q**1). This
implies that Ry, — Q**! has zeros and thus f*) has 1-points.

Theorem 16.3. Let g be an entire function. Suppose that g(z) # 0 and ¢"(z) # 0
for all z € C. Then g has the form g(z) = e**** with constants a,b € C.

Proof. We consider

Then f(z) # 0 and
9(2)g" ()
fl(z)=1- O #1
for all z € C. Thus f is constant. Hence ¢'(z)/g(z) = a for some a € C\{0}. This
implies that f has the form claimed. m

~
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Remark. A result of Langley (1993) says that if g is a meromorphic function sat-
isfying g(z) # 0 and ¢”(z) # 0 for all z € C, then g has the form g(z) = e%**® or
the form ¢(z) = 1/(az+ b)" for some n € N. The proof of this result is much more
involved than that of Theorem [16.3]
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