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Attempt all problems. Each problem carries equal weight of 8 points.
Exercise 1. Let c: t €]0,1]— R? be a smooth regular curve. Consider the map
¢ (t,s) €]0,1[xR — c(t) + sé(t) € R3.

e Describe the subset I of points of |0, 1[xR in a neighborhood of which ¢

is an immersion.

e Let D be an open subset of |0, 1[xR such that ¢ restricted to D is a

parametrization of a regular surface S
Show that that Gauss map has a curve in S? as image. Deduce that S is

flat (i.e. has a vanishing Gaussian curvature K ).

e Compute the first and second fundamental forms of S, and deduce its
mean curvature H, and prove alternatively that K = 0.

Exercise 2. Recall the definition of ruled surfaces.
- Give two or three examples (and give details).
- Show that a ruled surface has non-positive Gaussian curvature.
- Can a ruled surface be compact?

Exercise 3. Let S C R3 be given by
S = {x = (z1,29,23) € R® | 23 4 2x5 cos(x3) = 1} .
(a) Prove that S is a regular surface in R3.

(b) Determine the tangent plane at each point of S.
Exercise 4. The following parts are independent of each other.
e For a regular space curve, prove that k| = |t' - V/|.

e Find an equation of the plane curve whose curvature is given by k(s) =
ﬁ, where s > 0 is the arc-length parameter.

e Prove that for a circular helix, the Darboux rotation vector is constant
along the curve.
Exercise 5. The following parts are independent of each other.
e Find the winding number of ellipse without using Hopf Umlaufsatz theo-

rem.

1
o Let B(u) : I — R? be a smooth regular curve. Suppose that r(u) # 0 on
I. Consider

V(u) = Bu) = ls(u)ts(u).
Show that B(u) is the evolute of v(u), (and hence, that y(u) is the involute

of B(u) .



