
DIFFERENTIAL GEOMETRY EXAM IMM, LUMS

ABDELGHANI ZEGHIB

• Use of documents is authorized.
• Each exercise is scored on 7 points.

Exercise 1. Let c : [0, 1] → R2 be a regular closed (Jordan) curve, more precisely,
c restricted to [0, 1] is injective, c(0) = c(1) (so X, the image of c, is like the circle
,S1).

Consider S = X × R ⊂ R3 (recall X = c([0, 1]).
- Show that S is a regular surface (What is its global topology, i.e. to what known

surface it is globally diffeomorphic?)
- Compute K and H, the Gaussian and mean curvatures of S
- Show explicitly that S is locally isometric to the plane R2.

Exercise 2. Recall the definition of ruled surfaces. Give three examples.
- Show that a ruled surface has a non-positive Gaussian curvature.
- Can a ruled surface be compact?
- Remember the definition of doubly ruled surfaces and give examples.
- What could be a natural definition of a “triply ruled” surface? Show that it is

(anyway contained in ) an affine plane.

Exercise 3. Show that the (unit) sphere S2 is not locally isometric to the plane.
- More strongly, let e2 = (0, 1, 0), H(a) = (a,1,0)√

1+a2
a point near e2 on the equator,

and V (a) = (0,1,b)√
1+a2

a point on the meridian of e2. Compute the (intrinsic) distance
on the sphere of H(a) and V (b). Let X = {e2, H(a), H(−a), V (a), V (−a)}.
Show that there exists no isometric embedding (i.e. distance preserving map) of X
in R2.

Exercise 4. Study the torus of revolution S given by the parametrization

φ(t, θ) = ((r cos t+ x0) cos θ, (r cos t+ x0) sin θ, r sin t+ z0) (0 < |x0| < r)

- Compute the area of S
- Find elliptic, parabolic and hyperbolic points of S.
- What happens if x0 and z0 are fixed, say (x0, z0) = (1, 0), and r converges to 1?
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