IMM-LUMS LAHORE 2024/2025
ADVANCED TOPOLOGY

Exam 1

Exercise 1. On R, consider the collection of subsets that are closed
under addition:

B={KCR:Vz,ye K,x+y e K}.

(a) Prove that B is the basis of a topology 7 on R.

(b) Describe the open sets in 7 that contain only a finite number
of points.

(c) Is (R, 7) connected?

(d) Is (R, 7) compact?

(e) Prove that the linear functions f: (R,7) — (R, 7) given by
f(z) = Az, where A € R, are continuous.

Solution. Note that R € B, and that, if Ky, Ky € B, then also K1NKs € B,
therefore B is a basis for some topology on R.

Note that, if K € B contains a positive real number o > 0, then it also
contains n -« for any n € N\ {0}, then it contains infinitely many points; the
same argument also applies when K € B contains a negative real number.
Then, the only non-empty finite open set is {0} € B.

The topology 7 is not connected: more precisely, R = (—oo, 0)U{0}U(0, +00)
with (—o00,0), {0}, (0,400) disjoint clopen sets.

The topology 7 is not compact: for instance, {N-z},cr is a collection of open
subsets that cover R; but any finite subfamily contains at most countable
many points, therefore cannot cover the whole R.

Consider f: R — R, f(z) = X -z where A € R. To check whether it
is continuous, it is enough to check whether, for every K € B, we have
f~YK) € 1. Note that, if z,y € f~'(K), then Az, \y € K € B, therefore
Az + Ay = ANz +y) € K, then x +y € f~1(K). Therefore, f~1(K) € B is
open.

Exercise 2. Consider R endowed with the Euclidean topology, and
RY = {(z,)n : . € R for evey n € N}, the space of real sequences,
endowed with the product topology. Prove that the diagonal

A ={(z,)n : 7, = 3 for every n € N} ¢ RY

is a closed subset. What happens if we consider the box topology on
RY in place of the product topology?
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Solution. The diagonal A contains the constant sequences. Consider a
sequence (xy,), € A, a non-constant sequence. Therefore there exist h # k
such that zp # xp. Since R is Hausdorff, then there exist Uy 3> xp, Ug 2 xg
open neighbourhoods such that U, N U, = &. By denoting p;: RN 5 R
the ith natural projection, we have that U := pgl(Uh) ﬂp,zl(Uk) is an open
neighbourhood of (z,,), (in both the product and the box topologies) such
that U N A = @. Therefore A€ is open, then A is closed.

Exercise 3. On R?, consider §: R? x R? — R defined by

50, w) = |lv —wl| if v, w are linearly dependent,
UUIZ Ul + Jw]| if v,w are linearly independent.

e Prove that J is a metric.

e Denote the induced topology by 7. Is (R?,7) connected? Is it
path-connected?

e What is the topology induced on S' C (R?,7) as a subspace?

Solution. It is clear that § is non-negative and symmetric. It is also clear
that §(v, w) = 0if and only if v = w: indeed, if ||v||+||w| =0 thenv =w =0
but therefore they are not linearly independent; if ||v — w|| = 0 then v = w.
On every line through the origin, the induced topology is the Euclidean one.
In particular, the function a,: [0,1] — R? defined by a(t) = t - v for some
fixed v € R? is a continuous arc with respect to 7, connecting a,(0) = 0 to
ay(1) = v. In particular, 7 is path-connected, then also connected.

For € > 0 small enough, precisely smaller than ||v||, the open neighbourhoods
of v are given by open segments around v on the line though v and the origin
0. Therefore, the induced topology on S' is the discrete topology.

Exercise 4. On R, consider the equivalence relation defined by: = ~ y
if and only if |z| = |y|. Consider R endowed with the Euclidean topol-
08y Tkua, and the induced quotient topology on X := (R, Tgua)/ ~.
Prove that X is homeomorphic to [0, +00) (with the subspace topol-
ogy induced by (R, Tgye))-

Solution. Consider the map f: R — [0, +00) defined by f(z) = |z|. Then
clearly f is continuous and surjective, and f(z) = f(y) if and only if z ~ y.
Therefore f induces a continuous, bijective function f : X — [0,400). We
note that f is also open: given U open in X, namely 7 1(U) is a satured
open set in R, where 7: R — X denotes the natural projection onto the
quotient. This means that 7—!(U) is a union of open intervals, symmetric
with respect to the origin. Then f(U) = f(x~Y(U)) = 7~ Y(U) N [0, +o0) is
open in [0, 4+00) with respect to the subspace topology.



